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FOREWORD 
The work desc r ibed  h e r e i n  was performed a t  Mechanical Technology Incorpora ted  
(MTI) under NASA Cont rac t  NAS3-15334 w i t h  M r .  Robert  E. Cunningham, NASA- 
Lewis Research Cen te r ,  a s  P r o j e c t  Manager. A t  NTI, D r .  Robert  H. Badgley, 
Manager, Machinery Dynamics Cen te r ,  was t h e  Program Manager. The work 
repor ted  i s  p a r t  of a  con t inu ing  program whose o b j e c t i v e s  a r e ,  f i r s t l y ,  t o  
develop,  through a n a l y t i c a l  and exper imenta l  i n v e s t i g a t i o n s ,  e l a s tomer  
dynamics technology and ,  secondly,  t o  reduce t h i s  technology t o  p r a c t i c a l  
des igner -o r i en ted  form, s o  t h a t  i t  may be used t o  c a l c u l a t e  t h e  dynamic 
mechanical p r o p e r t i e s  of  e l a s tomer ic  damping n a t e r i a l s .  
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This report documents an experimental inves t iga t ion  t o  determirie the dynamic 
proper t ies  of elastomer t e s t  samples a t  constant temperature. The object ive 
of the inves t iga t ion  was t o  i den t i fy  the influence of exc i t a t i on  frequency, 
preload, shape, and deformat ion amp1 i tude  on the  dynamic 
and compressive loading. 
An ex i s t i ng  forced-vibration resonant-mass-type t e s t  r i g  
t r o l  the ambient temperature around the elastomer sample 
proper t ies  under shear 
was ref ined t o  con- 
and monitor the power 
d iss ipa ted  i n  the specimen. These two cons t ra in ts  ensure a constant thermal 
s t a t e  of  the elastomer. Pol.ybutadiene, a broad temperature range (Em) 
elastomer, was se lec ted  a s  the t e s t  mater ia l  f o r  t h i s  invest igat ion.  
Three compression specimens with varying shape f ac to r s  were t e s t ed  a t  preloads 
corresponding t o  a compression of 2-112 an6 5 percent of the i n i t i a l  specimen 
thickness. The ambient temperature and power d i s s ipa t ion  were monitored and 
control led e f f e c t i v e l y  such tha t  the elastomer temperature was 32OC t o  within 
1°c. The t e s t  frequencies were var ied  from 100 t o  1000 Hz. Test r e s u l t s  a r e  
presented a s  complex s t i f f n e s s  values fo r  each specimen a s  a function of f r e -  
quency. Changes i n  s t i f f n e s s  a s  a function of frequency or  preload were found 
t o  bc small fo r  the compression specimens, and within the t e s t  frequency range 
a simplt 77wer law re l a t ionsh ip  was used t o  represent the v a r i a t i o n  with f r e -  
quency. 
Three shear specimens were t e s t ed  a t  prcloads corresponding t o  nominal ~ c r a i n s  
of 0, 2-112 and 5 percent.  The frequency band was a l s o  100 to  1000 Hz. The 
complex s t i f f n e s s  i n  t h i s  case was somewhat higher than tha t  observed with the 
compression specimens, but the d i f fe rence  i s  consis tent  with the d i f fe rence  i n  
s t a t i c  s t i f f n e s s  a s  ca lcu la tea  by conventional shape fac tor  formulas. Varia- 
t ions of complex s t i f f n e s s  with e i t h e r  frequency o r  preload were found t o  be 
small, and a simple power law re la t ionship  was again used t o  represent  the 
va r i a t i on  with frequency. 
The compression samples, although covering a four t o  One range of diameter-to- 
height r a t i o ,  were each designed t o  have s imi l a r  a t i f f n e s s e s  by varying the 
number of individual elastomer elements, and applying published shape factor 
values. The measured dynamic etiffnesses of the three compression samples were 
similar . 
The shear samples were each designed to have similar stiffnesses by varying 
. , 
the number of elements in inverse proportion to the sheared area. The resultant 
. - 
dynamic stiffnesses were similar for each of the shear samples. 
11. INTRODUCTION 
Elastomeric dampers have been successfully applied in the co..~trol i1 ib- l  vital 
vibration problems . Increasingly demanding applications, part i c ~  . ,:r ly to , I 'xa- 
t ion problems of rotors and power transmission shafting, arc being considered. 
However, the availability of design-orietited data for such applications Ls 
limited. Dynamic testing under accurately controlled conditions is the means 
to develop this data and to determine the influence of important geometrical, 
environmental, and chemical design parameters. Physical properties of 
elastomeric materials can then be evaluated and used in the selection of 
materials for particular applications. 
Substantial advances have been reported in the development of experimental 
methods for dynamic testing, and the determination of the influence of chemical 
composirion on the observed dynamic response of the material. Chiang, et. al., 
in Part I of this series [I]*, described procedures for testing elastomer 
specimens in a forced-vibration, resonant mass test rig. The ability of the 
resonant mass approach to obtain data over a wide range of frequencies, 
amplitudes, and preloads was demonstrated. In addition, the significance of 
uncertainties in temperature variation was identified. 
A narrative account of various test methods and some af their refinements 
developed during the past two decades has been recently presented by Miller 
( 2 1 .  In addition to the measurements of frequency and amplitude of deforma- 
tion, a major concern is with the temperature level and gradient in the elasto- 
mer. 't has been suggested that the thermal state of the material is one of 
the prime candidztes dominating its dynamic behavior. Hence, monitoring the 
temperature of operation a3d the energy dissipated in the elastomer becomes 
essential in an experimental setup for elastomer testing. 
The significance of dynamic testing in comparison with simple static tests has 
been well established, Larsen 131 has demonrtrated that the dynanlic st if fness 
- .- 
* 
Number6 in brackets num mote References lieted at the end of this report. 
i s  generally higher than the s t a t i c  spring ra te .  Thf! temperature dependence 
of the two properties as  reported by b r s e n  is  even more in te res t ing  i n  that  
although the dyaamic s t  i f  fness decreases with an increase i n  cmperatrlre, the 
changes in the long chain molecules as  a r e s u l t  of higher temperature r e s u l t s  
in  increased s t a t i c  s t i f fness .  
cardi l lo  141 used a force vibrat ion type hydraulic t e s t e r  :o determine the 
s t i f f n e s s  and daaping propert ies  of a number of materials. The e f fec t s  of 
frequency, amplitude, preload, and temperature were a lso  considered. In :he 
case of butyl stock, i t  was shown that  increasing the carbon black content i n  
t h e  compound resu l t s  i n  increased dynamic s t i f f n e s s  and damping charac ter is t ics .  
Heyer and Somaer [51  have considered compounds based on crtyrenebutadiene and 
polybutadiene elastomers i n  t h e i r  invest igat ion with regard t o  the e f f e c t s  of 
compositional and t e s t ing  variat ions.  Their r e su l t s  concerning the influence 
of carbon black content a r e  i n  agreement with thooe reported by Cardillo. In  
a more recent work, Somaer and Meyer [ 6 ]  have sumnarized the e f f e c t s  of var ia-  
t ions i n  rubbers, f i l l e r s ,  o i l s ,  level  of crosslinking and processing 6 *ors 
such as mixing, curing, and storage on the dynamic propert ies  of e' 5r i c  
products . 
The work reported herein was motivated by a need t o  further  imprctve the dynamic 
t e s t  methods for elastomers w i t h  p a r t i c u l m  reference t o  t h e r m l  conditions. 
By control l ing the ambient temperature and the power dissipated i n  the elastomer 
specimen, t h e  uncertaint ies  i n  the dynamic behavior of the t e s t  m2:erial a re  
reduced t o  a minimum. The primary object ive of the invest igat ion i s  t o  ident i fy  
t l e  influence of exci ta t io . l  frequency, preload, shape factor ,  and deformation 
ampliLude on the dynamic propert ies  of elastomer specLmens under conditions 
wherein the thermal s t a t e  of the material remains unchanged. 
A previously designed [ 11 forced v ibra t ion  type of ~ e s t i n g  apparatur war 
modified t o  control the temperature of the two metal l ic  p la t e s  holding the 
elastomer sample. Also, heating and cooling systems were designed t o  control 
the ambient temperature i n  a closed chamber i n  which the t e a t  specimens a re  
located. An electronic c i r c u i t  to  monitor the power d iss ipa t ion  was designed 
! I with the objective of 1imit.ing the temperature gradients in the elastoner 
I specimns. Polybutadiene, being a known broad temperature range elastomer, was selected as the test material. The influence of excitation frequency, amplitude 
of deformation, preload, and shape factor were examiced under a constant ambient 
temperature and very low and bounded temperature gradients in the test epecimen. ; I 
i ~ 0 t h  shear and compression loadings were considered with suitably designed 
I: I specimens. The compression speciml ; were designed with varying shape factors i 
I with the objective of identifying the variations in the dynamiz behavior of 
I the elastomer as a fur~ction of specimen geometry under isotherwal conditions. 
I The experimental details of the apparatus are described in detail in the next section, which is followed by a fairly comprehensive analysis of the dynamic 
response of the test rig. Experimental results for both compression and shear 
I samples are then presented. A complete summary of chese results is presented 
in a tabulated form. Finally, the dynamic behavior of the elastomer ,.$ a 
I function of the experimental conditions described above is discussed. 
111. EXPERIMENT DESIGN AND TEST PROCEDURE 
A forced-vibration resonant mass type of apparatus was used to test the dynamic 
properties of the elastomer samples. A general description of the test rig is 
presented below before discussing the design characteristics. The details of 
selected material, test specimens, required instrumentation and the test pro- 
cedure are also presented in this section. 
A. Description of Elastomer Test Rig 
The basic features of this test rig have largely been developed in the course 
of work conducced under a previous phase of the present NASA Contract. The 
test rig was designed to impose precisely measured uniaxial vibration ampli- 
tudes upon a selected elastomer sample at desired test frequencies and under 
se1t:ted force preloads. 
The rig is capable of testing, through the base-excitation resonant-mass 
technique, elastomer samples of virtually any size and shape (test sample 
cavity is a cylinder approximately 12.7 cm ( 5  in.) high by 12.7 cm (5 in.) in 
diameter over a wide frequency range. Selection of the resonant mass t4 
match elastomer sample properties permits testing at very high amplitudes at I : 
! 
resonance, with correspondingly lower amplitudes at off-resonance conditions. 
Thus, maximum test amplitudes are limited by elastomer characteristics and 
shaker input power rather than by the test rig itself. 
The vibration input to the test rig in all tests was obtained from a commercially- 
- .  
available electromagnetic shaker system9' capable of delivering 66,700 N (15,000 i 
lb! forl:e in the sinusoidal mode of vibration. 
". 
Prior to the acquisition of the elastomer test data reported here, ambient 
temperature control facilities in the form of heating elements and cooling . . 
coils embedded in the sample base holder and circuitry to monitor the power 5 
. . 
dissipated in the specimen were added. Uncertainties due to temperature 
* 
Ling Electronics, Model 335A Shaker With PP-35/70 VC Power Amplifier and 
SCO-100 Servo Control Center. 
var ia t ions  a re  now minimized by accurately cont ro l l ing  the ambient tempera- 
t u r e ,  and by l imit ing the heat  generated i n  the specimen. I n  addi t ion ,  new 
holding p la tes  fo r  the elastomer s a m ~ l e s  were made; two d i f f e ren t  configura- 
aons provided shear and compression loading of the samples, respec t ive ly .  
B .  Design Charac ter i s t ics  of the Test Rig 
A schematic of the elastomer t e s t  r i g  is  shown in  Figure 1 and a layout 
drawing of the same r i g  i n  Figure 2. Figure 3 shows the  complete r i g  
mourlted on the  shake t ab l e .  
The t e s t  r i g  was designed t o  meet the following funct ional  requirements: 
1. Very low res idua l  damping. 
2 .  An i n e r t i a  nass loading of the elastomer t e s t  sample with weights 
ranging from approximately 0.8 t o  227 kg (1.8 t o  500 l b ) .  
3 .  A means fo r  accurately cont ro l l ing  force preloading of the  elastomer 
t e s t  sample. 
4 .  Temperature cont ro l  of the ambient a i r  within the t e s t  specimen 
cavi ty .  
The r i g  employs a unid i rec t iona l  v ibra t ing  mass-spring system. In i t s  
simylest form, t h i s  concept might - o n s i s t  of an elastomer spring t o  which 
various amounts of i n e r t i a  mass a re  bonded and the system could be completely 
f ree  of residua! damping o r  s t i f f n e s s  contr ibut ions from t e s t  r i g  elements. 
Ho~iever, the p rac t i ca l  requirements of balancing ra ther  large i n e r t i a  masses : 
( u p  t o  227 kg. (500 1b))on top of the elastomer spring and the desired mechanism j 
f 
t o  provide elastomer sample preloading a t  a l l  t e s t  frequencies introduce addi- 
t iona l  elements which have f i n i t e  s t i f f n e s s e s  and small amounts of pa ra s i t i c  
damping. 
Spec i f ica l ly  , two r a d i a l  guide beariugs f o r  the i n e r t i a  mass and two a i r  
cyl inders  for  the preloading of the elastomer samples a re  required. The 
j 
s t  i f  fness ' and damping propert ies  of these elements have an in£  luence on the , 
t e s t  r i g  response, b u t  a s  described i n  Section I V ,  these propert ies  a re  indepcn- i 1 
de? t l y  measured and accounted for .  
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The resonant  n s s s  bonded t o  t h e  top  3f t h e  e las tomer  specimens c o n s i s t s  of 
a  number of elements.  For h igh  frequency t e s t s ,  i n  which only a  minimum of 
mass is requ i red ,  t h e  resonan t  mass can b e  reduced t o  t h e  top  p l a t e  of t h e  
specimen ho lde r  and t h e  p re load  p i s t o n .  The top p l a t e  is  made o u t  of aluminum 
and t h e  pre load p i s t o n  i s  made ou t  of t i t a n i u m  f o r  minimum weight .  Inc reased  
mass f o r  medium o r  low frequency t e s t i n g  is  provided by r i g i d l y  a t t a c h i n g  a 
long rod t o  t h e  top of t h e  pre load p i s t o n ,  and adding s t e e l  weights .  The 
weights  a r e  cen te red  by the  rod and a r e  a x i a l l y  r e s t r a i n e d  by s p a c e r s  of 
v a r i o u s  l eng ths  and a  locknut  nea r  t h e  upper end of t h e  rod.  
The rod i t s e l f  r e c e i v e s  r a d i a l  suppor t  from two f r i c t i o n l e s s  guide  bea r ings  
(Fizure  4 shows one of the  dismounted b e a r i n g s ) ,  each of which c o n s i s t s  of a  
hub and 1 2  s t e e l  spokes. The hub is f i t t e d  over t h e  end of t h e  rod and is 
a x i a l l y  clamped t o  i t .  This  k ind of b e a r i n g  arrangement provides  good r a d i a l  
s t i f f n e s s  f o r  reasonably  high spoke t e n s i o n ,  b u t  provides  only  l i m i t e d  freedom 
f o r  a x i a l  motion i f  o v e r s t r e s s i n g  of t h e  spokes is t o  b e  avoided.  Consequently,  
changes i n  pre load on t h e  t e s t  specimen must b e  accompanied by lower ing o r  
r a i s i n g  of the  o u t e r  frame ( t o  whjch t h e  guide  b e a r i n g s  a r e  a t t a c h e d ) .  * 
Preload of t h e  e las tomer  test specimens is c o n t r o l l e d  by a  p a i r  of a i r  c y l i n d e r s .  
The lower c y l i n d e r  is l o c a t e d  d i r e c t l y  above t h e  t e s t  specimen. Its p i s t o n  is 
a t t ached  t o  t h e  specimen's upper holding-pla te  and e x e r t s  a downward f o r c e  
on t h e  specimen. The upper c y l i n d e r  is  l o c a t e d  a t  t h e  top  of t h e  t e s t  r i g  and 
i ts  p i s t o n  e x e r t s  an upward f o r c e  on t h e  resonant  mass. When t h e  resonant  
mass is  l a r g e ,  t \ e  d e s i r e d  pre load is u s u a l l y  achieved by p r e s s u r i z i n g  t h e  
upper cy l inder  and p a r t i a l l y  suppor t ing  t h e  weight of t h e  mass. When t h e  
resonant mass is smal l ,  t h e  desj-red p re load  is u s u a l l y  achieved by p r e s s u r i z i n g  
t h e  lower cy l inder  and e x e r t i n g  a  downward f o r c e  i n  add i t fon  t o  t h e  weight of 
t h e  mass. 
The upper and lower pre load pist .ons are s e a l e d  i n  t h e i r  c y l i n d e r s  by two 
r o l l i n g  diaphragm s e a l s  (Bellofram 3C-600-37-FPJ and 3-119-119-CBJ). The a i r  
cy l inder  i n l e t  h o l e  is 0.762 nun (0.030 i n )  i n  d iamete r ,  making each c y l i n d e r  
e s s e n t i a l l y  a  "closed" c a v i t y  under v i b r a t i o n  c o n d i t i o n s .  A c o n s t a n t  pre load 
f o r c e  on t h e  t e s t  specimen is maintained through r e g u l a t i o n  of a i r  p r e s s u r e  i n  
the  c y l i n d e r s .  11 

The ambient temperature w i t h i n  t h e  e las tomer  t e s t  specimen c a v i t y  is c o n t r o l l e d  
through the  combined e f f e c t  of e l e c t r i c  h e a t i n g  cab les  and water-cooled tubes  
i n s t a l l e d  i n  t h e  base  p l a t e  below t h e  t e s t  specimens ( see  Figure  5 f o r  a 
photograph of t h e  i n s t a l l e d  heat ing-cool ing e lements) .  The grooves i n  which 
the  h e a t i n g  c a b l e  and t h e  t u b i n g  a r e  embedded have a r e v e r s e  t a p e r  t o  ensure  
secure  and r a t t l e - f r e e  o p e r a t i o n  i n  a v i b r a t i o n  environment. The e l e c t r i c  
h e a t e r  is au tomat ica l ly  c o n t r o l l e d  by a temperature  c o n t r o l l e r ,  which o b t a i n s  
t h e  necessary  feedback from a thermocouple embedded i n  t h e  meta l  of t h e  base  
p l a t e .  
D e t a i l s  of t h e  temperature  c o q t r o l  system and of t h e  ter.,perature r e c o r d i n g  
system a r e  shown i n  F igure  6. 
C .  r e s t  M a t e r i a l  S e l e c t i o n  
- 
A s  d iscussed above, t h e  temperature v a r i a t i o n s  a r e  minimized by a c c u r a t e l y  
c o n t r o l l i n g  t h e  ambient temperature and t h e  hea t  gene ia ted  i n  t h e  specimen. 
To reduce t h e  e f f e c t s  of any t empera tu re  v a r i a t i o n s  which remain, a Broad 
Temperature Range (BTR) e las tomer  was s e l e c t e d  a s  t h e  t e s t  m a t e r i a l .  BTR 
elas tomers  a r e  claimed t o  show reduced v a r i a t i o n  of m a t e r i a l  p r o p e r t i e s  w i t h  
temperature.  
Two of t h e  BTR-type e las tomers  under c o n s i d e r a t i o n  f o r  t e s t i n g  were s i l i c o n e s  
ar.d polybutadiene.  The f i n a l  choice  was polybutadiene,  because of t h e  
d i f f i c u l t y ,  according t o  t h e  manufacturer ,  of producing batches  of s i l i c o n e  
m a t e r i a l s  wi th  c o n s i s t e n t  m a t e r i a l  p r o p e r t i e s .  A s  wi th  most e l a s tomers ,  
poiybutadiene may be  produced wi th  v a r i o u s  m a t e r i a l  hardness  and damping r a t e s ,  
according t o  p r o p r i e t a r y  manufacturers '  formulas.  The polybutadiene chosen 
f o r  t h e  t e s t  desc r ibed  i n  t h i s  r e p o r t  c a r r i e s  t h e  manufacturer ' s  (Nichols 
Engineering,  Inc .  , She l ton ,  Connect icut )  d e s i g n a t i o n  NE XlSSG, w i t h  a nominal. 
hardness of 70 durometer ( o r  Shore A Hardness) and 2 1  pe rcen t  of " c r i t i c a l  
damping''. Th i s  m a t e r i a l  had t h e  h i g h e s t  hardness  and damping of those  a v a i l -  
a b l e  from t h e  manufacturer.  
The i n d i v i d u a l  polybutadiene t e s t  specimens were bonded wi th  a cyanoacry la te  
adhesive  (Eastman 910 HMP) t o  t h e i r  r e s p e c t i v e  aluminum suppor t  p l a t e s .  The 
choice  of bonding agent  was based upon t h e  manufacturer ' s  recommendations and upon 
13 


sample t e s t s ,  which showed t h e  epoxy (HYSOL AS7-4323) which was p rev ious ly  used 
f o r  the  bonding of neoprene and ure thane e las tomer  specimens t o  s t e e l  and 1 
t i t an ium s u r f a c e s  y i e l d i n g  u n s a t i s f a c t o r y  r z s u l t s .  It was found t h a t  s u c c e s s f u l  t 
bonding wi th  Eastman 910 HMP is  dependent upon smooth bonding s u r f a c e s ,  a  t h i n  1 
f i l m  of adhesive  and r a p i d  a p p l i c a t i o n  of a cons ide rab le  clamping f o r c e  t o  t h e  
banded s u r f a c e s .  
D. Shear Tes t  Samp1.e~ 
The shea r  t e s t  specimens were molded a s  s h e e t s  15  cm by 15 cm (6 i n .  by 6 i n . )  
wi th  a  th ickness  of 3.2 mm (0.125 i n . ) . I n d i v i d u a l  t e s t  specimens of t h e  fo l lowing  
q u a n t i t i e s  and s i z e s  were knife-cut  from t h e s e  s h e e t s :  
1. Four s t r i p s  - 25.4 mm high x  48.8 nun long (1.0 x 1.92 i n . )  
2. Eight  s t r i p s  - 12.7 mm high x 48.8 mm long (0.5 x 1.92 i n . )  
3. Twenty s t r i p s  - 2 . 1 m  high x  48.8 mm long (0.2 x  1.92 i n . )  
I n  the  c a s e  of t h e  f i r s t  sample c o n f i g u r a t i o n ,  t h e  f o u r  i n d i v i d u a l  s t r i p s  
were glued wi th  one of t h e i r  l a r g e  f a c e s  t o  t h e  s i d e s  of a  square  aluminim 
block and wi th  t h e i r  o t h e r  l a r g e  f a c e  each t o  one a d d i t i o n a l  aiuminim ho ld ing  
block (see  Figure  7 f o r  a  photograph of t h e  assembly of t h e  f o u r - s t r i p  s h e a r  
t e s t  sample). I n  t h e  assembly of the  t e s t  f i x t u r e ,  t h e  f o u r  ho ld ing  blocks  
were bo l t ed  t o  t h e  shaks- table ,  whi le  t h e  elastomer-supported c e n t e r  b lock  
was a t t a c h e d  to ,  and t n e r e f o r e  became p a r t  o f ,  t h e  resonan t  mass. 
The ~ e c o n d  s h e a r  t e s t  sample i n  i ts  assembled c o n f i g u r a t i o n  (Figure  8) was ve ry  
s i m i l a r  t o  t h e  f i r s t  one, except. t h a t  each of t h e  assembl ies  was only  of h a l f  
t h e  h e i g h t .  The two assembl ies ,  p laced on t o p  of each o t h e r ,  then  f i t t e d  i n t o  
e x a c t l y  the  same space  i n  t h e  t e s t  f i x t u r e  a s  t h e  f i r s t  t e s t  sample. The 
e i g h t  s t r i p s ,  d e f l e c t i n g  i n  unison,  were designed t o  have t h e  same s t i f f n e s s  
a g a i n s t  d e f l e c t i o n  of t h e  c e n t e r  mass r e l a t i v e  t o  t h e  mounting b locks ,  a s  t h e  
four  s t r i p s  in t h e  f i r s t  assembly ( s e e  Appendix A). 
The convenience a s s o c i a t e d  wi th  the  assembly uf i n d i v i d u a l  four-specimen sub- 
assembl ies  becomes q u i t e  apparent  upon i n s p e c t i o n  of t h e  t h i r d  s h e a r  t e s t  


sample (Figure 9 ) .  To mainta in  t h e  same s t i f f n e s s  of t h e  assembly wi th  s h e a r  
s t r i p s  only  5.1 mm (0.2 i n . )  h igh,  a  t o t a l  of twenty were needed. Since  t h e  
i n d i v i d u a l  s t r i p s  were requ i red  t o  be f r e e  of i n t e r f e r e n c e  by t h e  s t r i p s  above 
o r  below i t ,  they  were glued t o  aluminum b locks  6.4 mm (0.25 i n . )  h igh.  W h e ~  
assembled i n  a  s t o c k  of f i v e ,  t h e r e  i s  a h e i g h t  s e p a r a t i o n  of 1 . 3  nun (0.05 in.) 
between t h e  i n d i v i d u a l  s t r i p s .  
E. Compression Teat  Samples 
Ind iv idua l  compression t e s t  specimens were shaped a s  c : l i n d e r s  of v a r i o u s  
h e i g h t s .  :he c y l i n d e r s  were molded t o  a unifor111 h e i g h t  qf 12.7 mm (0.5 i n . )  
and l a t e r  c u t  and growid t o  t h e  d e s i r e d  h e i g h t .  From i n d i v i d u a l  specimens 
the  fo l lowing t h r e e  test samples were assembled: 
1. T h i r t y  c y l i n d e r s  - 12.7 mm diameter  by 12.7 mm h e i g h t  (0.5 x  0 .5  in . )  
2. Ten c y l i n d e r s  - 12 .7  m diameter by 6.4 mn high (0.5 x 0.25 i n . )  
3. Three c y l i n d e r s  - 12.7 mm d iameter  by 3.2 mm high (0 .5  x 0.125 i n . )  
The compression t e s t  specimens were assembled t o  c i r c u l - r  p l a t e s ,  w i t h  t h e  
bottom p l a t e  anchored t o  t h e  snaker  t a b l e  and t h e  top p l a t e  connected t o  t h e  
resonant  mass. The assembly of t h e  t h i r t y  12.7 mrn (0 .5  i n )  h igh c y l i n d r i c a l  
specimens is  shown i n  Figure  10. 
As with  the  s h e a r  samples, t h e  compression samples were each designed t o  provide  
s i m i l a r  s t i f f n e s s e s .  Appendix A d i s c u s s e s  how t h e  shape f a c t o r s  f o r  the  
d i f f e r e n t  he igh t  c y l i n d e r s  l e a d  t o  s e l e c t i o n  of t h e  above numeric&' combinations.  
F. Ins t rumenta t ion 
The measurement requirements  f o r  t h e  e x p e r i m m t a l  i n v e s t i g a t i o n  of t h e  e las tomer  
dynamic p r o p e r t i e s  were a s  fo l lows:  
1. Displacement measurement of  e las tomer  suppor t  p l a t e  a t t a c h e d  t o  t h e  
v i b r a t i o n  t a b l e ,  r e l a t i v e  t o  ground; 
2, Displacement measurement of e las tomer  s u p p o r t , p l a t e  a t t a c h e d  t o  t h e  
resonant  mass, r e l a t i v e  t o  ground; 


3. Phase ang le  measurement betwcen displacement neasurements (1) and 
( 2 )  above; 
4 .  Displacement measurement between two e las tomer  stlpport p l a t e s ,  
r e l a t i v e  amplitude a c r o s s  t h e  e las tomer;  
5 .  ' J ibrat  ibn  frequency ; 
6 .  Temperature of e las tomer  suppor t  p l a t e s  and ambient a i r  temperature  
i n  t e s t  specimen c a v i t y ;  
7. V i b r a t i o n a l  power d i s s i p a t i o n  a r r o s s  the  e las tomer  t e s t  sample. 
For convenience, a c c e l e r a t i o n  was measured i n  (1) and (2) i n s t e a d  of d i sp lace -  
ment, but  s i n c e  t h e  motions were s i n u s o l d a l  t h e  d isplacements  were d i r e c t l y  
d e r i v a b l e  from t h e  a c c e l e r a t i o n s .  The very  low l e v e l  of motion of t h e  shaker  
body (from which the  shaker  t a b l e  IS i s o l a t e d  by a i r  s p r i n g s  w i t h  a ve ry  low 
resonant frequency) was a l s o  measured by a c c e l e r o n ~ e t e r s .  
The inpu t  a c c e l e r a t i o n  (1)  was measured by an accelerometer  l o c a t e d  on t h e  
suppor t  base  f o r  t h e  e las tomer  t e s t  samples. Output a c c e l e r a t i o n  on t h e  
resonant  mass (2) was determined from t h r e e  acce le romete r s  mounted d i r e c t l y  
t o  t h e  top p l a t e  a t t a c h e d  t o  t h e  e las tomer  specimens. The u s e  of t h r e e  
accelerometers ,  spaced 90 degrees  a p a r t ,  w i t h  t h e i r  output  s i g n a l s  d i sp layed  
on one o s c i l l o s c o p e  s c r e e n ,  permit ted  immediate d e t e c t i o n  of nonax ia l  motions of 
t h e  rr-aonant mass. When nonax ia l  motions of t h e  resonant  mass occur ,  they  
manifes t  themselves e i t h e r  as amplitude o r  phase ang le  v a r i a t i o n s  among t h e  
t h r e e  s i g n a l s ,  o r  a s  a combination of both  ( t e s t i n g  exper ience  revea led  t h a t  
on ly  the  compression specimen having t h r e e  c y l i n d r i c a l  specimens was s u s c e p t i b l e  
t o  nonaxia l  motions a t  c e r t a i n  t e s t  f r e q u e n c i e s ) .  
The displacement measurement (4)  between t h e  two e las tomer  suppor t  p l a t e s  
( r e l a t i v e  amplitude a c r o s s  t h e  e las tomer )  was accomplished wi th  a noncontact ing 
capacitance-type sensor .  
Chromel-Alcmel type thermocouples were used t o  measure t h e  temperature  a t  t h e  
midface l o c a t i o n  of two s h e a r  specimens i n  each t e s t  assembly. The thermo- 
couples were embedded i n  small h o l e s  i n  t h e  aluminum ho ld ing  p l a t e s  a t  a 
2 2 
d i s t a n c e  o f  approxitnately 1.6 mnl (1116 i n .  ) from t h e  e las tomer  s u ~ f a c e s .  
The c o m ~ r e s s i o n  t e s t  samples c o n t a i n  thermocouples d i r e c t l y  above and b t l o b  
the  c e n t e r  po in t  of t h e  f l a t  s u r f a c e s  of t h r e e  i n d i v i d u a l  c y l i n d e r s .  Again, 
t h e  thermocouples were separa ted  by approximately 1.6 mm (1116 i n . )  of m e t ~ l  
from t h e  e las tomer  s u r f a c e s .  (See Figure  1& f o r  t y p i c a l  thermocouple i n s t a l  
l a t  i o n  i n  compression t e s t  sample. ) 
Displacement and a c c e l e r a t i o n  d a t a ,  t o g e t h e r  wi th  temperatures  from i n d i v i d u a l  
thermocouples were d i sp layed  ~ i s u a l l y  i n  d i g i t a l  form f o r  moni tor ing purposes .  
A s  a permanent r ecord ,  t h i s  d a t a  was a l s o  recorded on a d i g i t a l  p r i n t e r ,  w i t h  one 
thermocouple reading au tomat ica l ly  p r i n t e d  wi th  each amplitude d a t a  p o i n t .  The 
two types of d a t a  were cycled independently by t h e i r  own scanner-switches,  and t h i s  
a g iven v i b r a t i o n  sensor  output  d id  no t  always appear on t h e  same l i n e  a s  a g iven 
thermocouple ou tpu t .  This  is i l l u s t r a t e d  i n  Figure  12. 
Amplitude s i g n a l s ,  e i t h e r  a c c e l e r a t i o n  o r  d isplacement ,  were s e q u e n t i a l l y  
switched by an analog scanner i n t o  a two-channel t r a c k i n g  f i l t e r ,  which provided 
a v i s u a l  readout of v i b r a t i o n  frequency and of two f i l t e r e d  ampl i tude s i k n a l s .  
The base  amplitude s i g n a l  ( a c c e l e r a t i o n )  was fed  a t  a l l  t imes  i n t o  one of t h e  
two channels of t h e  t r a c k i n g  f i l t e r  and from t h e r e  i n t o  a phase meter where i t  
served a s  a r e fe rence  s i g n a l  f o r  t h e  measurement of t h e  phase ang le  of t h e  
resonant  mass amplitude s i g n a l  (one of t h e  accelerometer  s i g n a l s ) .  The d-c 
va lues  p ropor t iona l  to  phase ang le  and ampl i tudes  from t h e  phase meter and 
t h e  t r ack ing  f i l t e r  were then converted i n r o  d i g i t a l  f o r r  i n  d i g i t a l  vo l tme te r s  
and p r i n t e d  on paper by a 21-column p r i n t e r  a t  a  r a t e  of approximatel-y two l i n e s  
per  second (manually a c t i v a t e d ) .  Each l i n e  a d d i t i o n a l l y  c o n t a i n s  t h e  v i b r a -  
t i o n a l  t e s t  frequency and the  temperature i n d i c a t i o n  from one thermocouple. 
(see  Figure  12 f o r  a t y p i c a l  d a t a  p r i n t c u t ,  F igure  13  f o r  a photograph of 
the  ins t rumenta t ion  console and Figure  14 f o r  a schemat ic  of t h e  d a t a  a c q u i s i -  
t i o n  system) ., 
To monitor the power d i s s i p a t i o n  i n  t h e  t e s t  sample d u r i n ~  t e s t i n g ,  a power 
meter was s p e c i a l l y  designed and b u i l t .  This  meter u t i l i z e s  a v a i l a b l e  

C o s p r e r s ~ u n  t o a t  s n n p l u ,  0.125 i n . ,  2-1/2 % p r e l o a d  
Maus: 24.3 l b .  (6 
Tlturmocouplr 
I - i d e n t  . Nu. (4) 
I bc.~lillur I : 
NOTES: ( I )  Mass ompli tudu and t a b l e  dtnyl i tudc a i g n a l r  (Ill:. Clrannrls Yo. 1,2,3,4,5) 
werc r c c r l u r o n ~ u t u r  b i q n n l r .  D l r p l ~ c u m r n t  probv r i ~ n a i  of Channel b. 6 
Juu igna taJ  b ~ l d l l v t !  ~ ~ U P ~ C C P I C ~ I L  butwern tht! t a b l e  and t h e  v i b r a t i n g  
Sir;l141 
I J ~ t ~ t i f  lc.rLru~l 
. (1 )  
(2)  P r i n t o u t  occur rcd  i n  1-2-2 acqucnct from butrom upward. 
1 .I I I 
C l j ~ r i ~ ~ ~ l  I . T ~ ~ ~ C I I C Y  Tvnlp. i Ref .) I S i g n a l  ( 2  ) 1 l l ~  "C ( 3 )  
1 
I I 1  
(3) Pt~aucr a n g l e  was mrosurt,d wi th  C t ~ o n t r ~ l  4 ( b a r e  nmpl i tude  a i g n a l )  a r  r b f -  
orence.  Kcadingu osuuc io ted  wi th  IJato Chaunr l r  1 ,2 ,3  are thu  d o a i r e d  
phasr  a n g l e  bu tucrn  u.inr and t a b l e  ampl i lude  r i g n a l s .  The r e a d i n g  for 
& t o  Cltvmul 140. t is uf no i n t e r e a t  h e r e ,  s i n c e  i t  i n d l c e t e s  t h e  mile 
between c i g n r l r  ( X 2  - X1) and t h e  basc  m p i i t u d e  r i p a r l .  
(4) Loca t ion  of r h ~ r i u o c t ~ .  , lrs 0 through 6 i r  shown i n  F i g u r e  12 f o r  t h i r  t e a t  
sample. 
(5 )  I n d i v i d u a l  c n l i b r a t l ~ m  l a r t o r s  app ly .  
( b )  I d ~ u t i f i c o t i o n  of t e n t  n r n  wds recorded  by hand. 
(7) Loca t ion  of resonan t  nwsn a c c e l e r o m e t e r r  i c  shown i n  F i g u r e  12 f o r  t h i s  
t e s t  ruotplu. 
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a c c e l e r a t i o n  and displacement s i g n a l  i n p u t s .  The t h r e e  ( u n f i l t e r e d )  a c c e l z r -  
ometer s i g n a l s  from  he top p l a t e  of t h e  specimen ho lde r  ( resonant  mass s i g n a l s )  
a r e  averaged,  t o  g i v e  a s i g n a l  p r o p o r t i o n a l  t o  t h e  n e t  f o r c e  on t h e  resonan t  
mass. This s i g n a l  i s  t h e r e f o r e  a lmost  equal  t o  t h a t  p o r t i o n  of t h e  f o r c e  
a c t i n g  through the  e las tomer  sample which is  due t o  dynamic displacement 
( d i f f e r i n g  only b: t h e  smal l  guide  spoke and a i r  c y l i n d e r  f o r c e s  due t o  t h e i r  
dynamic displacement . )  The displacement s i g n a l  which i n d i c a t e s  r e l a t i v e  motion 
a c r o s s  the  sample is  d i f f e r e n t i a t e d  t o  g ive  a s i g n a l  p r o p o r t i o n a l  t o  r a t e  of 
deformation ( r e l a t i v e  v e l o c i t y ) .  The f o r c e  and v e l o c i t y  s i g n a l s  a r e  m u l t i p l i e d  
toge the r  t o  g ive  t h e  ins tan taneous  power. The ins tan taneous  power c o n s i s t s  
of a d-c (average) component and a s i n u s o i d a l l y  va ry ing  component and, by 
f i l t e r i n g  o u t  t h e  s i n u s o i d a l l y  va ry ing  component, t h e  average power d i s s i p a -  
t i o n  is  obta ined.  
During t e s t ,  t h e  average power d i s s i p a t i o n  was he ld  t o  a v a l u e  which, by h e a t  
t r a n s f e r  a n a l y s i s ,  gave a temperature  r i s e  i n  t h e  specimen of l e s s  than 
1 O c .  
G.  Tes t ing  Procedure 
One of t h e  major f e a t u r e s  of t h e  c u r r e n t  t e s t  program was t h e  performance of 
t h e  scheduled t e s t s  a t  near-resonance cond i t ions .  S ince  phase ang le  between 
base  e x c i t a t i o n  and resonan t  mass response  is an a c c u r a t e  i n d i c a t o r  of t h e  amount 
of damping i n  t h e  r e g i o n  of resonance,measurements s h o ~ l d  p r e f e r a b l y  be  made i n  
the  phase ang le  range between approximately 15 and 165 degrees  ( s e e  Appendix B ) .  
This  r e q u i r e s  t h a t  t h e  t e s t  frequency be approximately 0.9 t o  1 . 5  t imes t h e  
c r i t i c a l  frequency of  t h e  elastomer-resonant mass system. Coverage of t h e  f u l l  
t e s t  frequency range of 100 t o  1000 Hz w i t h  s u f f i c i e n t  t e s t  p o i n t s  t h e r e f o r e  
n e c e s s i t a t e s  changes i n  t h e  s i z e  of t h e  resonan t  mass. Typ ica l ly  between seven 
and n ine  d i f f e r e n t  mass arrangements ranging from 0 . 8  Kg (1.8 l b . )  t o  51 Kg (113 l b . )  
were found s u f f i c i e n t  t o  ccver  the  d e s i r e d  t e s t  range.  The small .est  mass m n s i s t e d  
of the  e las tomer  t e s t  sampie top p l a t e  and t h e  p re load  c y l i n d e r  p i s t o n ,  wi th  no 
a d d i t i o n a l  weight a t t a c h e d .  The nex t  t h r e e  combinat ions  were ob t e i n e d  by a t t a c h i n g  
weights of up t o  1.9 Kg (3.5 l b . )  d i r e c t l y  t o  t h e  p re load  p i s t o n  c y l i n d e r  wi thout  
the  use of t h e  spoke guide  bea r ings .  For t h e  last f i v e  mass arrangements both  
guide  bea r ings  werc used. 
2 8 
Once any one of t h e  s i x  e las tomer  test samples has  been mounted on t h e  shake 
t a b l e  and t h e  necessary  ins t rumenta t ion  i n s t a l l e d  and connected,  a t y p i c a l  
t e s t  sequency proceeded a s  fo l lows:  
1. A resonan t  mass was s e l e c t e d  and i n s t a l l e d .  
2. The e las tomer  sample was s t a t i c a l l y  pre loaded.  (Far ze ro  pre load 
cases ,  t h e  s t a t i c  load ing  on t h e  elastome: by t h e  resonan t  mass 
was r e l i e v e d  through an a p p r o p r i a t e  p r e s s u r i z a t i o n  of t h e  top a i r  
c y l i n d e r .  I f  t h e  p re load  requirement exceeded t h e  s t a t i c  d e f l e c t i o n  
of t h e  e las tomer  ob ta ined  from t h e  resonan t  mass, p r e s s u r i z e d  a i r  
was admit ted  i n  t h e  lower c y l i n d e r  t o  produce t h e  d e s i r e d  p re load .  
Elastomer d e f l e c t i o n s  were determir,ed by readout from t h e  capac i t ance  
probe i n s t a l l e d  i n  t h e  lower base  p l a t e  of t h e  e las tomer  specimen 
holding f i x t u r e  . ) 
3. The e las tomer  t e s t  sample c a v i t y  was enclosed and t h e  temperature 
c o n t r o l  system given t ime t o  a d j u s t  ambient temperature  t o  t h e  
d e s i r e d  va lue .  
4. Wfth low v i b r a t i o n  l e v e l s  a p p l i e d  t o  tile base of t h e  e las tomer  
ho ld ing  f i x t u r e ,  frequency scans  were conducted u n t i l  t h e  approximate 
r e m n a n t  frequency of  t h e  system was found. Subsequently,  an  
exac t  de te rmina t ion  of t h e  system resonan t  frequency was made by 
t r a c i n g ,  on an X-Y p l o t t e r ,  t h e  d-c va lue  p r o p o r t i o n a l  t o  t h e  resonant  
mass a c c e l e r a t i o n  amplitude a s  a f u n c t i o n  of t h e  base  e x c i t a t i o n  
frequency.  It may be noted h e r e  t h a t ,  f o r  a base-exci ted  s i n g l e  
degree of freedom spring-dcmper-mass system, resonance occurs  a t  
an ang le  smal le r  than 90 degrees .  The d e v i a t i o n  from 90 degrees  i s  
e s s e n t i a l l y  determined by t h e  emou3t of damping i n  t h e  system a s  
shown i n  Appendix B. 
5. While t h e  predetermined v i b r a t i o n a l  power d i s s i p a t i o n  l e v e l  i n  
t h e  e las tomer  t e s t  sample was m ~ i n t a i n e d  by adjus tment  of t h e  
shaker  power inpu t  l e v e l ,  t h e  v i b r a t i o n  freqcency was reduced 
u n t i l  t h e  phase  a n g l e  dec reases  t o  a va lue  between 15 and 25 
degrees .  Provided none of  t h e  o s c i l l o s c o p e  monitored acce le ra -  
cion and displacement  s i g n a l s  showed s i g n s  of a b n o r m a l i t i e s  (d i s -  
t o r t i o n s ,  o r  i n d i c a t i o n s  of nonax ia l  motion of t h e  resonan t  mass) ,  2 9  
a d a t a  point  was recorded.  The record ing  of one d a t a  point  
cons i s t ed  of e i t h e r  one o r  two complete p r i l l t o u t s  of a l l  
ampl i tudes  (up t o  seven i n d i v i d u a l  s i g n a l s ) ,  a s s o c i a t e d  
phase ang les  and t e s t  frequency,  and a l l  temperatures  from 
t h e  thermocouples loca ted  i n  t h e  t e s t  specimen ho ld ing  p l a t e s .  
6 .  Stepwise i n c r e a s e s  i n  v i b r a t i o n  frequency were imposed and 
between s i x  and t e n  d a t a  p o i n t s  were recorded u n t i l  t h e  phase 
tingle reached approximately 165 degrees .  
7 .  Shake t a b l e  power was turned o f f  and t h e  p re losd  on t h e  
e las tomer  sample was inc reased  t o  t h e  next h igher  value .  
8. S teps  4 through 7 were repea ted  u n t i l  d a t a  a t  a l l  d e s i r e d  pre- 
loads  was obta ined.  
9.  Shaker t a b l e  power was turned o f f  , and a1 1 pre load  on t h e  
e las tomer  sample removed. The e las tomer  t e s t  sample was then given 
time (ap t o  one hour)  t o  recover  i t s  o r i g i n a l ,  uncompressed 
h e i g h t  ( a s  i n d i c a t e d  by d i s p l a c e n e n t  probe r e a d i n g s ) .  
T e s t s ,  comprising s t e p s  1 through 9,  were then repea ted  w i t h  each of t h e  
remaining masses i n  t u r n ,  each mass g iv ing  a dynamic system w i t h  a d i f f e r e n t  
resonant  frequency.  
The complete s e t  of r e s u l t s  obta ined f o r  each t e s t  specimen was reduced t o  
y i e l d  s t i f f n e s s  and damping v a l u e s  over the  range of frequency covered by 
t h e  t e s t s .  The a n a l y s i s  upon which t h i s  d a t a  r educ t ion  was based is  d e s c r i b e d  
i n  t h e  fo l lowing s e c t i o n s  of t h i s  r e p o r t .  
H. T e s t  Rig Response 
With t h e  forced v i b r a t i o n  type of t e s t i n g  desc r ibed  i n  t h i s  s e c t i o n ,  t h e  dynamic 
c h a r a c t e r i s t i c s  of t h e  e las tomer  a r e  b a s i c a l l y  determined by measuring t h e  
motions of t h e  resonant  mass and knowing t h e  s t i f f n e s s  and damping c h a r a c t e r i s t i c s  
of a l l  elements of t h e  t e s t  r i g .  I t  was, t h e r e f o r e ,  nece  s a r y  t o  analyze  the  
dynamic response of t h e  t e s t  r i g  wi th  t h e  o b j e c t i v e  of de :e rmin iq  t h e  c h a r a c t e r -  
is t i c s  of t h e  v a r i o u s  sye  tem components, v iz  . , lower c y l i n d e r ,  upper c y l i n d e r  and i 
I 
guide bea r ings .  
3 0 
A dynamic model of the  c e s t  r i g  is  shown i n  Figure  15 where t :he system components 
a r e  denoted by a s p r i n g  o r  a combination of a s p r i n g  and a dashpot depending 
on t h c i r  phys ica l  c h a r a c t e r i s t i c s .  Both c! , l lnders  and t h e  guide bea r ings  have been 
designed such that t h e i r  s t i f f n e s s e s  a r e  n e g l i g i b l y  smal l  compared t o  t h e  s t i f f -  
ness  of t h e  e las tomer .  Hence, very  l i t t l e  p r e c i s i o n  is requ i red  i n  determining 
t h e s e  s t i f f n e s s  v a l u e s .  However, damping in t roduced by t h e  use of rubber s e a l s  
i n  t h e  c y l i n d e r s  needs c a r e f u l  a t t e n t i o n  s i n c e  these  damping c o e f f i c i e n t s  may 
be  q u i t e  comparable wi th  t h a t  of t h e  z las tomer  specimen. 
I n  o rde r  t o  determine the  dynamic response  of t h e  t e s t  r i g ,  each component was 
t e s t e d  i n d i v i d u a l l y  and i t s  r e l e v a n t  c h a r a c t e r i s t i c s  were measured. When 
assembly does not  in t roduce  any a p p r e c i a b l e  changes, t h e  complete dynamic re -  
sponse of t h e  t e s t  r i g  is determinable  by t h e  c h a r a c t e r i s t i c s  of each of t h e  
system elements.  The most l i k e l y  e lements ,  whose response may c!epend on t h e  
assembly, a r e  perhaps t h e  rubber  s e a l s  i n  t h e  c y l i n d e r s  s i n c e  t h e i r  damping 
c o e f f i c i e n t s  may depend on t h e i r  proper  al ignment t o  a c e r t a i n  degree .  With 
t h e  primary o b j e c t i v e  of p r e c i s e l y  determining t h e  dynamic response  of t h e  
t e s t  r i g ,  t h e  e las tomer  specimen was rep laced  by a mechanical s p r i n g  shown i n  
F igure  16,  whose s t i f f n e s s  arid e q u i v a l e n t  mass a r e  measured exper imenta l ly .  Along 
wi th  the  t e s t i n g  of each system element s e p a r a t e l y ,  t h e  t o t a l  response  of t h e  t e s t  
r i g  wi th  t h e  mechanical  s p r i n g  was measured a s  a func t ion  of a i r  p r e s s u r e s  i n  t h e  
c y l i n d e r s .  Although t h e  s t i f f n e s s  of t h e  v a r i o u s  elements may be determined 
by the  experiments performed w i t h  each of t h e  system elements,  i t  was found 
t h a t  t h e  dampfnp of t h e  c y l i n d e r s  was b e s t  determined by performing a l e a s t  
squares  a n a l y s i s  of t h e  measured response  of t h e  assembled t e s t  r i g .  
The d e t a i l s  of t h e  a n a l y s e s  desc r ibed  above a r e  p resen ted  i n  Appendix 0 .  The 
r e s u l t s  arc summarized below. 
Numerical Values f o r  Dynamic C h a r a c t e r i s t i c s  of Tes t  Rig Elements 
Guide a e a r i n g  S t  i f  f n e s s  k = 3.675 x lo4  ~ / r n  (210 l b / i n )  
s 
Lower Cyl inder  Damping 2 c = 1.02 x 10 N-sec/m (0.583 l b - s e c / i n )  L 
Upper Cyl inder  Damping c = 2.45 N-sec/m (0.014 lb - sec / ln )  
u 
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5 Lower Cyl inder  S t i f f n e s s  kg 
= 1.642 x 10 + 1.023 pg N/m (938 + 40.25 p , l h , ' . r  I 
Upper Cyl inder  S t i f f n e s s  4 kU = 9.0 x 1 0  + 1 . 5 2 5  pu N/m(515 + 60 .00Pu  
2 2 
where p p  and p a r e  p r e s s u r e s  i n  N/m o r  l b / i n  gage i n  t h e  lower and upper cy l -  
u 
inders  r e s p e c t i v e l y .  Note t h a t  a l l  the above va lues  a r e  independent of frequency.  
A s  shown i n  Appendix B,  when t h e  e las tomer  specimen i s  i n  p l a c e ,  and t h e  phase 
angle  p and r a t i o  of output  t o  i n p u t  amplitude.  a ,  i s  measured, t h e  e las tomer  
s t i f f n e s s  and damping (Ke ,Ce) a r e  c a l c u l a t e d  as fol lows:  
2 2 (ku + 2ks)a (cos9-a)+wCuaSin$-mm (acosp-a ) Ke = -K + R 
a2 - 2acos 4 + 1 
All the  d a t a  f o r  damping of t h e  e las tomer  is  presented as tile imaginary p a r t  
of t h e  complex s t i f f n e s s  ( d e )  . 
IV. EXPERIMENTAL RESULTS 
Dynamic response d a t a  f o r  s e v e r a l  e las tomer  samples was obta ined over  a range 
of e x c i t a t i o n  f requenc ies .  The power d i s s i p a t e d  i n  t h e  e las tomer  was monitored 
w i t h i n  t h e  p r e s e n t  exper imenta l  procedures t o  e s t a b l i s h  an upper bound on t h e  
temperature d i s t r i b u t i o n  w i t h i n  t h e  e las tomer  sample. The ambient temperature 
around the  e las tomer  was maintained cons tan t .  Under such cond i t ions ,  t h e  d a t a  
obta ined determines the  e las tomer  behavior  a t  f i x e d  temperature . 
A .  Operating Condit ions and Data Range 
Three comprsssion and t h r e e  shea r  samples a s  desc r ibed  e a r l i e r  were t e s t e d .  
The p re loads  f o r  t h e  compression s a ~ p l e s  were s e t  t o  2 .5  and 5 pe rcen t  of the  
helgii t  of t h e  specimens. Under a l l  o p e r ~ t i n g  c o n d i t i o n s ,  t h e  e las tomer  was 
never sub jec ted  t o  t m s i o n  i n  t h e  compression experiments.  In t h e  c a s e  of t h e  
shea r  samples, t h r e e  d f f f e r e n t  p r e h d :  v i z . ,  O . ,  2.5, and 5 p e r c e n t  of t h e  
specimen th ickness  were used. The f r e q a m c y  range ioi 211 experiments was 100 
t o  1000 H z .  The ambient tsmperaturg around t h e  e l a ~ i s a n r  was maintained tu 
3 2 ' ~  w i t h i n  1°c. Also, t h e  t o t a l  power d i s s i p a t e d  i n  the  lower a i r  c y l i n d e r  
and t h e  e las tomer  sample was he ld  cons tan t  t c  e s t a b l i s h  an upper bound on t h e  
temperature g r a d i e n t s  i n  t h e  e las tomer  sample. The c o n d i t i o n s  were ad ju$ ted  
such t h a t  t h e  maximum temperature r i s e  w i t h i n  t h e  e l a s t o r h e r  specimen was l e s s  
than 1°c a s  d iscussed below. 
B.  Temuerature Gradient  i n  t h e  Elastomer 
Since  the  e las tomer  sample and t h e  lower a i r  c y l i n d e r  a c t  i n  p a r a l l e l ,  t h e  
t o t a l  measured power d i s s i p a t i o n  i s  divided between t h e  c y l i n d e r  and t h e  e l a s t o -  
mer specimen, depending on t h e i r  r e l a t i v e  damping c h a r a c t e r i s t i c s .  This t o t a l  
power pe r  u n i t  of t h e  e las tomer  volume was maintained cons tan t  a t  about 0.022 
watts/cm3 i n  a l l  the  experiements.  For t h e  purpose of computing an upper bound 
or. t h e  temperature r i s e  from e i t h e r  end t o  t h e  c e n t e r  of t h e  specimen, i t  may 
be assumed t h a t  t h e  e n t i r e  power is d i s s i p a t e d  i n  t h e  e las tomer  and, hence, 
w r i t i n g  t h e  energy equat ion g i v e s  
n 
0 3 
where T is the  temperature ( C), q is the  d i s s i p a t i o n  (wattslcm ), F is tlie 
0 k 
thermal c o n d i c t i v i t y  (wa t t s /  C cm) and x  is  the  coord ina te  a s  shown i n  F i ~ u r e  17. 
Since the  temperature a t  t h e  two ends is he ld  cons tan t  a t  say T t h e  above 
0' 
equat ion may be i n t e g r a t e d  t o  determine the  temperature  T i n  t h e  c e n t e r  of 
C 
t h e  specimen. 
where a ,  h e i g h t  of the  specimen is 1.27 cm (0.5 i n . )  f o r  t h e  wors t  case .  Assuming. 
0 the  t h e r n a l  conduc t iv i ty  t o  be  0.002 w a t t s /  C cm [ 7 ]  t h e  temperature r i s e  f o r  
3 
a  d i s s i p a t i o n  of 0.022 watts/cm w i l l  be 
Thus, under a l l  o p e r a t i n g  c o n d i t i o n s  f o r  t h e  e n t i r e  exper imenta l  d a t a ,  t l ie  
0 
temperature r i s e  w i t h i n  the  e las tomer  is l e s s  than 1 C .  S ince  t h e  ambient 
0 0 
temperaEure was monitored t o  be cons tan t  a t  32 C t o  w i t h i n  1 C ,  i t  may be  con- 
cluded t h a t  t h e  measured e las tomer  response  is under i so the rmal  cond i t ions .  
C .  Reduction of Experimental Data t o  Complex S t i f f n e s s  
The exper imenta l  v a r i a b l e s  measured included t h e  inpu t  and ou tpu t  a c c e l e r a t i o n ,  
r e l a t i v e  phase ang le ,  r e l a t i v e  amplitude of e las tomer  displacement and t h e  
d i s s i p a t e d  power. When t h e  damping c o e f f i c i e n t  f o r  t h e  lower c y l i n d e r  is  a con- 
s t a n t ,  then  t h e  d i s s i p a t i o n  i n  t h e  c y l i n d e r  a t  any frequency i s  p r o p o r t i o n a l  
t o  the  r e l a t i v e  displacement amplitude.  Thus, when t h e  t o t a l  d i s s i p a t i o n  ( c y l i n d e r  
p l u s  e las tomer  sample) i s  l -c ld c o n s t a n t ,  t h e  d isplacement  amplitude is  a n  
i n d i c a t o r  of e l a s ~ o i n e r  d i s s i p a t i o n .  From t h e  measurenent of t h e  inpu t  and out-  
pu t  a c c e l e r a t i o n ,  and t h e  obse rva t ion  t h a t  a l l  motions a r e  s i n u s o i d a l ,  t h e  syFren 
~ r a ~ s r n i s s i h i l i t y  a , which is t h e  r a t i o  of ou tpu t  t o  i n p u t  ar !pl i t rdes ,  nia: be be te r -  
mined. 9 0 1 n  t h e  measurement of t h e  phase a n g l e  Cp and t h e  c c m p u t ~ d  ir, Z~~uat ion: ;  
(1)  and Table 1 may be used t o  compute t h e  e las tomer  s t i f f n e s s  and iam3ing 
P 
c o e f f i c i e n t s  c  . 
e  
UPPER PLATE \ 
LOWER PLATE f 
Fig. 17 Schematic of Thermal Gradients 
in the Elastomer Specimen 
The phys ica l  c h a r a c t e r i s t i c s  of an e las tomer  a r e  sometimes denoted i n  terms 
of a  complex s t i f f n e s s .  Also s i n c e  s i m u l a t i o n  of m a t e r i a l  behavior by mechani- 
c a l  v i s c o e l a s t i c  models is g e n e r a l l y  performed i n  terms of complex s t i f f n e s s  
o r  complex compliance, t h e s e  q u a n t i t i e s  a r e  de f ined  below. 
Complex S t i f f n e s s  K = K 1  4 iK2 
Complex Compliance H = H 1  - iH2 
Also, no te  t h e  r e l a t i o n s h i p s  
H = 1 / K  
K 1  = k  t h e  e las tomer  s t i f f n e s s  c o e f f i c i e n t  
e  
and 
K2  = wc where w is t h e  frequency i n  r a d i a n d l s e c .  
e  
With the  above r e l a t i o n s ,  t h e  complex s t i f f n e s s  is  a l s o  w r i t t e n  a s  
K =  ke + i (wc ) .  
e 
From the  computed k  and c  t h e  r e a l  and imaginary p a r t s  K 1  and K2 may b e  d e t e r -  
e  e '  
mined and a l l  t h e  r e s u l t s  a r e  p resen ted  i n  terms of these  parameters .  
D. Compression T e s t s  
The r e s u l t s  of t h e  compression experiments a r e  shown i n  F igures  1 8  t o  23. I t  
is  c l e a r l y  seen  t h a t  dependence of K 1  o r  K2 on frequency is r a t h e r  smal l  under 
t h e  thermal cond i t ions  ensured by t h e  power moni tor ing system. Also, t h e  de- 
pendence of t h e  complex s t i f f n e s s  on pre load is  i n s i g n i f i c a n t .  The l a r g e  
s c a t t e r  i n  F igures  22 and 23 is  p r i m a r i l y  due t o  t h e  geometry of t h i s  p a r t i c u l a r  
satnple. There a r e  t h r e e  p i e c e s  of e l a s tomer  between t h e  p l a t e s  i n  t h i s  case .  
I t  is known t h a t  i n  o rde r  t o  prevent  any i r r e g u l a r  motion of the  resonan t  mass 
a t  l e a s t  t h r e e  suppor t  p o i n t s  a r e  r equ i red .  However, i f  only t h r e e  suppor t s  a r e  
provided,  then  any misbehavior a t  any nne of the  suppor t s  w i l l  r e s u l t  i n  somewhat 
i r r e g u l a r  motion. I n  f a c t ,  f o r  t h i s  sample, s u b s t a n t i a l  phase d i f f e r e n c e s  
between t h e  t h r e e  output  acce le romete r s  were sometimes observed.  
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F i g .  18 Complex S t i f fnes s  of the Compression Sample With Thirty 
Specimens a t  2-112 Percent Preload 
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Fig. 19 Complex Stiffness of the Compression Sample With Thirty 
Specimens at Five Percent Preload 
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Fig.  20 Complex S t i f fnes s  of the Compreesion Sample Wtth Ten 
Specimens at  2-1/2 Percent Preload 
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Fig.  21 Complex St i f fness  of the Compression Sample With Ten 
Specimens a t  Five Percent Preload 
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Fig. 22 Complex Stiffness of the Compression Sample With Three 
Specimens at 2-112 Percent Preload 
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F l g .  23 Complex S t i f fnes s  of the Comprerrion Sample With Three 
Specimens a t  Five Percent Preload 
Close examination of t h e  r e s u l t s  of F igures  1 8  and 23 show t h e  v a l u e s  f o r  K1 
t o  f c l l o w  a number of d i s t i n g u i s h a b l e  l i n e s  whose s l o p e s  d i f f e r  from t h e  o v e r a l l  
t r e n d s .  These l i n e s  respond t o . t h e  d i f f e r e n t  v a l u e s  of resonant  mass, and I t  
should be noted t h a t  each change i n  mass r e q u i r e s  a reassembly of t h e  t e s t  r i g  
and b a s i c a l l y  a new set-up.  These obse rva t ions  i n d i c a t i n g  t h e  v a l u e s  of K l  t o  
be somewhat dependent on t h e  resonan t  mass, p r i m a r i l y  imply t h a t  t h e  i n f e r r e d  
v a l u e s  of K1 :o a c e r t a i n  e x t e n t  a r e  dependent of t h e  n a t u r a l  frequency of the  
t e s t  r i g .  Th i s  dependence is  l e s s  pronounced f o r  K 2 .  Although t h e s e  obse rva t ions  
a r e  no t  completely understood a t  t h i s  t ime,  i t  may be mentioned t h a t ,  i n  g e n e r a l ,  
t h e  s e n s i t i v i t y  of a r e sonan t  mass method t o  r e s i d u a l  e r r o r s  i n  t h e  t e s t  procedure 
W 
can be expected t o  vary  wi th  (- ). 
W 
n 
The v a r i a t i o n  of r e l a t i v e  amplitude of deformat ion i n  t h e  e las tomer  a s  a f u n c t i o n  
of frequency (when t h e  d i s s i p a t i o n  i n  t h e  e las tomer  p l u s  t h e  lower c y l i n d e r  is 
he ld  c o n s t a n t )  was found t o  be q u i t e  independent of p re load .  A t y p i c a l  v a r i a -  1 
tiom of amplitude a s  a f u n c t i o n  of frequency is shown i n  Figure  24. The dec rease  1 
i n  amplitude wi th  i n c r e a s e  i n  frequency i n d i c a t e s  t h a t  t h e  power d i s s i ~ a t e d  i n  
the  e las tomer  a l s o  dec reases  wi th  i n c r e a s e s  i n  frequency s i n c e  K2  o r  c w ' i s  
e 
f a j r l y  c o n s t a n t .  T t  should,  however, be  noted t h a t  the  computations of K1 and 
K 2  a r e  based on t h e  assumption t h a t  t h e  a i r  c y l i n d e r  damping c o e f f i c i e n t s  a r e  
c o n s t a n t .  
E. Shear T e s t s  
Complex s t i f f n e s s  d a t a  f o r  t h e  s h e a r  experiments f o r  t h e  v a r i o u s  specimens 
a t  d i f f e r e n t  p re loads  a r e  summarized i n  F igures  25 t o  33. Tn g e n e r a l ,  t h e  
frequenc lependence is  aga in  smal l  and a l s o  t h e  e f f e c t s  of p re loads  appear  
t o  be  i n s i g n i f i c a n t .  However, when compared wi th  t h e  compression 
d a t a ,  i t  is seen t h a t  both the  r e a l  and imaginary p a r t s  of t h e  complex s t i f f -  
n e s s  a r e  somewhat h igher  i n  t h e  c a s e  of  s h e a r  t e s t s .  
Again, due t o  t h e  power c o n s t r a i n t s ,  t h e  r e l a t i v e  amplitude v a r i a t i o n  a s  a 
f u n c t i o n  of frequency is n e a r l y  i d e n t i c a l  f o r  a l l  t h e  specimens. Typ ica l  
r e s u l t s  are shown i n  Figure  24. 
Fig. 24 Variation of Relative Deformation Amplitude 
i n  the Compression and Shear Elastomer Sample 
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F i g .  2 5  Complex Stiffnerr of the Shear Sample With Twenty 
Specimen8 a t  no Preload 
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Fig. 26 Complex St i f fness  of the Shear Sample With Twenty 
Specimens a t  2-112 Percent Preload 
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Fig.  27 Complex St i f fness  of the Shear Sample With Twenty 
Specimens a t  Five Percent Preload 
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Fig.  28 Complex S t i f fnes s  of the Shear Sample With Eight 
Specimens a t  no Preload 
~ i ~ .  29 cmnple~ S t i f fnes s  of the Shear Sample With - dhf 
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Fig. 30 Complex Stiffness of the Shear Sample Jith Eight 
Specimens a t  Five Percent Preload 
ELRST(3MER SPECIMEN 1.OIN-+. 
MRTERIRL = Pdybutsdirnc 
LDRZING = Eih8.r 
PURER = .365 w s t t x  
PRELORD = .OD0 % 
MERN TEMP = 3Z. 00 'C 
102 
FREQUENCY <HZ> 
Fig.  31 Complex S t i f fnes s  of the Shear Sample With Four 
Specimens a t  no Preload 
Fig. 32 Complex S t i f f n e s s  of the  Shear Sample With Four 
Spec h e n s  a t  2-1 12 Percent Preload 
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Fig .  33 Complex St i f fness  of the Shear Sample With Four 
Specimens a t  Five Percent Preload 
I?. Summary and Corre l  . a t i o n  of Tes t  Resul t  
Within the  exper imental  range of f requenc ies  t h e  complex s t i f f n e s s  shows a 
f a i r l y  mild frequency dependence f o r  a l l  compression and shear  experiments.  
Thus,for t h e  purpose of e s t i m a t i n g  specimen s t i f f n e s s , s i n g l e  v a l u e s  o f  t h e  cumplex 
s t i f f n e s s  may be  s t a t e d  f o r  t h e  e n t i r e  frequency range wi thout  any apprec iab le  
e r r o r s .  The second and f i f t h  columns i n  Table 1 g ive  t h e  mean v a l u e s  over t h e  
frequency I lge  of t h s  r e a l  and imaginary s t i f f n e s s  components f o r  each sample 
under each preload cond i t ion .  The s i m i l a r i t y  of these  mean v a l u e s  a t  d i f f e r e n t  pre- 
loads i n d i c a t e s  i n s e n s i t i v i t y  t o  p re load .  The s i m i l a r i t y  i n  s t i f f n e s s  among 
elas tomer  samples which have d i f f e r e n t  shape f a c t o r s ,  bu t  have been designed f o r  
s i m i l a r  s t i f f n e s s  ( see  des ign  d e t a i l s  i n  Appendix A), i s  a l s o  f a i r l y  s i m i l a r .  
The weak frequency dependence of t h e  d a t a  may be  summarized i n  terms of t h e  
c o e f f i c i e n t s  of a power law c o r r e l a t i o n  func t ion  of t h e  form 
where Y i s  one of t h e  v a r i a b l e s  of i n t e r e s t  ( K l ,  K2, o r  amplitude) o r  
! 
Thus t h e  d a t a  f a l l s  on a s t r a i g h t  l i n e  on log-log paper.  The c o e f f i c i e n t s  I 
A and B f o r  each d a t a  s e t  a r e  computed by convent ional  least squares  regres-  
s i o n  a n a l y s i s  and s u m a r i z e d  i n  t h e  t h i r d ,  f o u r t h ,  s i x t h ,  and seventh  columns 
of Table 1. T h e s e c o r r e l a t i o n  terms may be used t o  determine t h e  r e l a x a t i o n  
modulus of t h e  m a t e r i a l  a t  cons tan t  temperature.  Deformation amplitudes a r e  
a l s o  summarized i n  Table 1, both  i n  terms of mean va lues  over  t h e  frequency 
range i n  terms of the  c o e f f i c i e ; + :  of t h e  same power c o r r e l a t i o n  
func t ions .  A s  a demonstration,  t h e  power l o s s  c o r r e l a t i o n  t o  t h e  1.27 cm 
(0.5 in . )  high compression sample wi th  2.5 per  Lent pre load i s  superimposed on 
t h e  exper imental  d a t a  i n  Figure  34, 
A powerfyl technique f o r  the  c o r r e l a t i o n  of e las tomer  d a t a  w i t h  marked frequency 
dependence is  t o  f i t  mechanical v i s c o e l a s t i c  models. For the  p resen t  d a t a ,  
wi th  i ts  weak dependence on frequency, such techniques may no t  be  employed ve1,y 
e f f i c i e n t l y .  However, a s  a demonstration of t h e  approach, t h e  behavior  of t h e  
TABLE 1 
SUUYARY Ob ELASTONER TEST DATA 
-----------------I-____ 
MATERIAL P o l y b u t r d l r n r  
TEMPERPTURE 32 dog-C 
CuIIPLE). ST IRNESS K K I  + l a 2  I W l n  
CORRELLTION FORM Y A.OMECIAM 
SPECIMEN 
DETAILS 
*++++n+wm KZ rww+a+wa+ 
MEAN A B 
lb/ in 
++.+*++nw 
NEAN 
in  
AMPLITUDE ***mc* 
A B 
COMPLEX STIFFNESS K K I  + 1K2 N w / n  
CORRELATION FORM Y A 4 M W A n 0  
SPECIMEN 
DET A l LS 
*wawwn+a K 1 ~++c+w*+cn+. n*+n.c*-m K2 C.-W***+a *mw*** AMPLITUDE **nu- 
M EAN A 0 MEAN A 0 MEAN A B 
Now/m N w / m  m 
N.M. F r q u r n c y  WEOA I n  t h o  c o r r r l r t l o n  f u n c t i o n  1s  I n  r r d / s r c .  
A sample consists of several specimens of elastomer arranged in a prescribed 
configuration. 
"Specimen details" code given in the table is derived a8 fcllowr: 
(1) Compression Sample: (Specimen thicknees) IN - No. of Specimen8/C/ 
( X  Preload). 
The diameter of all compression rpecimenr ir 112 in. 
(2) Shear Sample: (Specimen length) IN - No. of Specimenr/S/ 
(% Preload) 
The specimen thickness and width normel to 
direction of deformation for all ahear 6pecimenr 7, 
are respectively 118 in and 1.92 in. t, 
k 
ELRSTBMER 5PECIMEN f l . S U I N - - 3 0 .  
MFITERIRL = Polybutrdi=nc 
LI3RDING = Curnpr=xxlan 
PBWER = 1.055 w & t t  
PWELaRII = 2.500 % 
MERN TEMP = 32. 0U O C  
Fig. 34 Typical Power Law Correlation 
d a t a  f o r  t h e  compression sati?ple having 30 c y l i n d r i c a l  e las tomer  specimens wi th  
1.27 cm (0.5 i n . )  diameter and 1.27 cm (0.5 i n . )  t h i c k  was c o r r e l a t e d  wi th  a  
double Voigt model. The l e a s t  squares  technique descr ibed i n  Appendix D was 
used t o  determine t h e  v a r i o u s  c o e f f i c i e n t s  of t h e  model. Since  t h e  s e l e c t e d  
model is of t h e  s e r i e s  type,  t h e  a n a l y s i s  is b e s t  performed i n  terms of complex 
comylia,, .?s. The r e s u l t s  a r e  shown i n  Figure  35. It is seen t h a t  most of t h e  
s t i f f n e s s  is  determined by t h e  s t a t i c  s p r i n g ,  and t h a t  t h e  s t i f f n e s s  and damp!.ng 
behavior of t h e  model fo l lows reasonably c l o s e l y  t h e  mean l e v e l  of t h e  measured 
s t i f f n e s s  and damping va lues .  Within t h i s  o r d e r  of agreement between exper i -  
mental  d a t a  and model p r e d i c t i o n s ,  a l a r g e  number of d i f f e r e n t  types  of models 
may be shown t o  f i t  t h e  da ta .  However, t h e  use  of mean va lues ,  o r  t h e  s imple  
c o r r e l a t i o n  func t ions ,  i s  adequate i n  t h e  p resen t  case .  
E L R S T B M E R  SPECIMEN. 0.50IN-30. 
MRTERI RL = P o l Y b u t d i m s  YUXGT W ~ C L  
LC3RIlING z Kornprcssion k <Ib/in> c (Ib . - a g e f i n  
PFIWER = I .  0 5 5  ~ d t r  0 .  1.302 E+S 
PRELBRIY = 2 . 5 0 0  8 1 .  I .  '490 E + 5  q .  14'4E+2 
M E R N  T E M P  = 3 2 . 0 0  "C 2 .  1 . a95  E+S 6 :033E+O 
H =  <HI> - #<HZ> i n f l b  
R M S  XIEVIR = 1 .291  E-6 2 .0S'4E-1 m/ lb  
W E I G H T S  = 1 .OD0 E + O  I  , 000  E+I. 
H i ?  
F i g .  35 Typical Correlation of Experimental Data With 8 Double 
Voigt Hodel 
V .  DISCUSSION 
---- 
Cxamination of the  exper imenta l  d a t a  i n d i c a t e s  t h a t ,  i f  the  t h e n a !  s t a t e  of the  
e las tomer  is  held  c o n s t a n t ,  t h e  complex s t i f f n e s s  .)f the  m a t e r i a l  is r e l a t i v e l y  
i n s e n s i t i v e  t o  the  v s r i a t i o n  of frequcncy. I t  is  expected t h a t ,  i f  K2 o r  
c  w is  a cons tan t ,  then f o r  cons tan t  power d i s s i p a t i o n  i n  the  e ias tomer ,  t h e  
e 
r e l a t i v e  amplitude must a l s o  be  frequency independent. However, i n  a l l  the  
experiments,  the  power measurement IJ 7 pr imar i ly  used t o  e s t a b l i s h  an upper 
bound on the  temperature g r a d i e n t  i n  t h e  e las tomet  and,  i n  f a c t ,  the  measured 
power i s  a  sum of e las tcmer  d i s s i p a t i o n  and the  d i s s i p a t i o n  i n  the  lower 
cy l inder .  I t  may be shown [8]  t h a t ,  i f  t h e  dampirag c o e f f i c i e n t  of t h e  c y l i n d e r  
is a c o n s t a n t ,  aad i f  t h e  t a t a l  work done pe r  cyc le  is dhen the  r e l a t l v e  
amvlitude is x  then 
r '  
The above equat ion may be rearranged a s  
2 Win x S -- .5 2x power 
r K2 + cllu u(K2 + cpG 
Since t h e  i r a g i n a r y  p a r t  of t h e  complex s t i f f n e s s  K2 = cew was found t o  be f a i r l y  
i n s e n s i t i v e  tn  the  frequency,  t h e  amplitude w i l l  dec rease  a s  a func t ion  of 
frequency a t  c o n s t m t  power, a s  found i n  a l l  the  experiments.  
The u n c e r t a i n t i e s  i n  the  computed e las tomer  p r o p e r t i e s  w i l l  be g e n e r a l l y  smal l  
when the  nominal s t i f f n e s s  and damping va lues  of t h e  t e s c  samples a r e  substan-  
t i a l l y  l a r g e r  than those  of the  va r ious  elements o f  the  t e s t  r i g ,  a s  shown by 
Equations (B5) and Table B 1 .  A comparison of the  e las tomer  c o e f f i c i e n t s  shown 
i n  Table 1 with  those  of t h e  t e s t  r i g  components c l e a r l y  shows t h a t  the  s t i f f -  
n e s s  of any of t h e  test r i g  elements is indeed smal l  compared t o  t h e  e las tomer  
s t i f f n e s s  and,  t h e r e f o r e ,  any e r r o r s  w i l l  no t  s i g n i f i c a n t l y  a f f e c t  t h e  computed 
s t i f f n e s s  o ?  the  e las tomer .  In  c a s e  of the  damping c o e f f i c i e n t ,  however, 
Equations (B5) need f u r t h e r  d i scuss ion .  I f  t h e  proper  va lues  of c and c 1 2 
from I a h l e  B 1  . r e  s u b s t i t u t e d  i n  t h e  second of  t h e  Equations (B5), t h e  e1astomc.- 
damping e f f i c i * n t  may be w r i t t e n  a s  
C 
u 
k 
-
mu a (coo$ - a) + a s i n )  (1 - 3) 
Cn.  + CP mu 
Since t h e  experimental  d a t a  was c o l l e c t e d  a t  cond i t ions  c l o s e  t o  resonance f 
where t r a n s m i s s i b i l i t y  a > > 1, and t h e  r e s i d u a l  s t i f f n e s s e s  a r e  smal l  compared 
t o  t h e  elastomer s t i f f n e s s ,  t h e  above equat iou may be  approximated a s  i 
mw s i n  c z3 -- - (cR -!- Cu) 
e o 
Thus, an  e r r o r  i n  t h e  es t imat ion  of c Q  and c w i l l  have an a d d i t i v e  e r r o r  i n  
u 
c o r  a l i n e a r  irequency dependent e r r o r  i n  K2. 
e  
I t  is now c l e a r  t h a t , i f  t h e  nominal va lue  of elastomer damping is s u b s t a n t i a l l y  
l a r g e  i n  comparisorl wi th  t h e  sum of t h e  cy l inder  damping i a e f f i c i e n t s ,  ( cg  + c U ) ,  
then any smal l  u n c e r t a i n t i e s  i n  t h e  e s t i m a t i o n  of c Q  + c w i l l  no t  appreciably  
u 
e f f e c t  the elastomer damping c o e f f i c i e n t s  c . I f  t h e  r e s u l t s  summarized i n  
e 
Table 1 a r e  reexamined, i t  is seen t h a t  K2  = cew is f a i r i y  i n s e n s i t i v e  t o  
frequency. The elastomer dampiug, t h e r e f o r e ,  decreases  a s  a func t ion  of f r e -  
quency and t h e  g r e a t e s t  s i g n i f i c a n c e  of e r r o r s  i n  c y l i n d e r  damping a r e  t o  be 
expected a t  t h e  h i g h e s t  f requenc ies .  The lowest  va lues  of K2 f o r  t h e  compression 
6 3 
and shear  sampiss from Table 1 a r e  1 .462  x 10 ~ / m  (8.347 x 10 l b / i n . )  and 
6 4  2.737 x 10 N / m  (1.563 x 10 l b / i n . )  r e s p e c t i v e l y .  A t  a  frequency of 1000 Hz 
2 
these  va lues  r e s u l t  i n  e las tomer  cliunping c o e f f i c i e n t s ,  ce, of about 2.33 x 10 N-sec/m 
2 
and 4.36 x 10 N-seclm (1.33 and 2.49 lb-sec!in) r e s p e c t i v e l y  f o r  t h e  compression 
L 
and shear  samples. The t o t a l  r e s i d u a l  damping (ce + c ) is  about 1.05 x 10 N-seclm 
u 
(0.6 lb - sec l in . ) .  Thus, u n c e r t a i n t i e s  i n  t h e  es t imated r e s i d u a l  damping may 
become s i g n i f i c a n t  i n  t h e  extreme high frequency reg ion .  Under such c o n d i t i o n s ,  
methods both t o  reduce and more a c c u r a t e l y  dete-mine t h e s e  r e s i d u a l  damping 
should be considered i n  r e l a t i o n  t o  f u t u r e  t e s t  r i g  modi f i ca t ions .  
62 
The e f f e c t s  of p re loads ,  i f  any, on t h e  dynamic response of t h e  e las tomer  a r e  
not c l e a r l y  n o t i c e a b l e  w i t h i n  the  p resen t  d a t a .  O f  course  t h e  maximum nominal 
s t r a i n  due t o  t h e  pre load was no more than 5 percen t .  A t  l e a s t  f o r  t h e  com- 
p ress ion  t e s t s  it might be expected t h a t  an i n c r e a s e  i n  p re load  r e s u l t s  i r k  
increased s t i f f n e s s .  This is indeed observed t o  some degree a s  shown i n  
Table 1, howevor, t h e  p r e s e n t  d a t a  does no t  warrant such a  genera l  conclus ion.  
I n  f a c t ,  f o r  t h e  s h e a r  samples a ' r e v e r s e d  e f f e c t  i s  c o n s i s t e n t l y  observed.  
Since v i b r a t i o n  amplitude was not v a r i e d  as an  independent parameter,  no con- 
c lus ions  can be  drawn a s  t o  t h e  i n f l u e n c e  of amplitude.  It is ,  ho- ever, a  
premise of t h i s  work t h a t ,  a s  long a s  t h e  temperature of t h e  e las tomer  remains 
cons tan t ,  t h e  in f luence  of amplitude w i l l  be - m a l l .  I n  o t h e r  words dynamic 
c h a r a c t e r i s t i c s  measured under cond i t ions  which both l t m i t  t h e  temperature r i s e  
and c o n t r o l  t h e  environmental  temperature should be  t h e  same whether t h e  amp- 
l i t u d e  is cons tan t  o r  t h e  power d i s s i p a t e d  i s  cons tan t .  Fur the r  i n v e s t i g a t i o n  
of the  in f luence  of amplitude w i l l  be necessary  t o  conso l ida te  t h i s  p o i n t .  
Re la t ions  bezween t h e  complex s t i f f n e s s  and some b a s i c  phys ica l  p r o p e r t i e s  
such as r e l a x a t i o n  modulus could be  mathematically expressed [ 9 ]  i n  terms 9f 
Four ie r  r e l l t i o n s .  However, a  much more r igorous  a n a l y s i s  of t h e  exper imental  
d a t a  w i l l  be requ i red  i n  o r d a r  t o  o b t a i n  t h e  c o r r e l a t i o n  f u u c t i o n s  desc r ib ing  
t h e  complex s t i f f n e s s  i n  t h e  e n t i r e  frequency range of zero  t o  i n f i - n i t y .  Th i s  
c l e a r l y  war ran t s  more experiments and d a t a  a n a l y s i s .  It is  a n t i c i p a t e d  t h a t  
f u t u r e  i n v e s t i g a t i o n s  w i l l  accomplish t h i s  o b j e c t i v e .  
A s  descr ibed i n  Appendix A, t h e  t e s t  samples were designed wi th  t h e  primary 
o b j e c t i v e  of i n v e s t i g a t i n g  t h e  e ias tomer  behavior i n  t h e  frequency ranpe of 
100 t o  1000 Hz wi th  va ry ing  shape f a c t o r s .  This  o b j e c t i v e  has  c l e a r l y  been 
achieved i n  the  p resen t  i n v e s t i g a t i o n .  Furthermore, t h e  r e s u l t s  summarized 
i n  Table 1 show t h a t  v a r i a t i o n s  i n  the  dynamic s t i f f n e s s  w i t h i n  t h e  t h r e e  
compression o r  t h e  t h r e e  shear  samples a r e  smal l .  However, t h e  dynamic 
s t i f f n e s s  oE the  shear  samples is about twice t h a t  o? t h e  compression samples. 
I f  t h e  s t a t i c  s t i f f n e s s  r a t i o  of s h e a r  t o  compression samples is computed 
from the  simple r e l a t i o n s  given i n  Appendix A, i t  is found t h a t  t h i s  r a t i o  
v a r i e s  from 1 . 8  t o  2.27.  Thus, t h e  observed d i f f e r e n c e  i n  dynamic s t i f f n e s s  
of t h e  s h e a r  and compression samples is p r i m a r i l y  due t o  t h e  d i f f e r e n c e s  i n  
t h e  s t a t i c  s t i f f n e s s  f o r  t h e  s e l e c t e d  geometr ical  conf igura t ions .  The 
a b s o l u t e  va lues  of t h e  dynamic s t i f f n e s s ,  a s  might be expected,  a r e  s u b s t a n t i a l l y  
l a r g e r  than those  of t h e  s t a t i c  s t i f f n e s s  (as  def ined i n  Appendix A ) .  This  
is i n  agreement w i t h  most of t h e  publ ished i n v e s t i g a t i o n s ,  e .g . ,  Meyer and 
Sommer [5]  o r  C a r d i l l o  [ 4 ] .  Althcv~gh no g e n e r a l  conclus ion wi th  regard  t o  
t h e  in f luence  of shape f a c t o r s  on t h e  dynamic p r o p e r t i e s  of an e las tomer  
sample may be  p r e s e n t l y  j u s t l f i e d ,  i t  is  very  l i k e l y  t h a t  shape f a c t o r s  
in f luence  t h e  s t a t i c  s t i f f n e s s  as desc r ibed  i n  Appendix A.  In  o t h e r  words, 
samples wi th  varying shape f a c t o r s  bu t  similar s t a t i c  s t i f f n e s s  w i l l  have 
c l o s e l y  i d e n t i c a l  dynamic s t i f f n e s s  a t  any frequency, as demonstrated i n  
t h i s  i n v e s t i g a t i o n .  
VI. CONCLUSIONS 
A BTR e las tomer  (polybutadiene)  has  been t e s t e d  under shea r  and compressive 
0 loading,  a t  32 C ,  f o r  cons tan t  power d i s s i p a t i o n ,  over  t h e  frequency range 
100 t o  1000 Hz. Displacement ampl i tudes  covered 2.54 x t o  7.6 x 1 0 - ~ m  
( s t r a i n s  of 0.0008 t o  0 .024 ) .  From t h e  t e s t  r e s u l t s ,  f o r  t h e s e  c o n d i t i o n s ,  
t h e  fo l lowing conclus ions  may be drawn. 
The procedure f o r  moni tor ing and c o n t r o l l i n g  power d i s s i p a t i o n  and 
environmental  temperature  was s u c c e s s f u l  i n  a l lowing measurement of 
0 
sample p r o p e r t i e s  a t  a temperacure cons tan t  w i t h  + 1 C. 
- 
The dynamic p r o p e r t i e s  i n  terms of complex s t i f f n e s s  a r e  only weakly 
in f luenced  by f requency.  
A s imple  power law r e l a t i o n s h i p  may be used t o  r e p r e s e n t  the  measured 
frequency dependence. 
The dynamic p r o p e r t i e s  i n  terms of ccmplex s t i f f n e s s  a r e  no t  s i g n i f i c a n t l y  
in f luenced  by pre load.  
The use  of publ ished shape f a c t o r s  t o  les ign d i f f e r e n t  shaped e las tomer  
samples f o r  e q u a l  s t i f f n e s s  r e s u l t e d  4 n  samples whose dynamic s t i f f n e s s  
and damping values  were s i m i l a r .  
V I I ,  RECOMMENDATIONS FOR FWTURE RESEARCH 
On t h e b a s i s o f  t h e  work repor ted  and t h e  o v e r a l l  o b j e c t i v e s  of t h e  Elastomer 
Technology Program, t h e  fo l lowing  recommcndations f o r  f u t u r e  i n v e s t i g a t i o n s  
a r e  made. 
1. U t i l i z e  t h e  repor ted  s t i f f n e s s  and damping p r o p e r t i e s  f o r  e las tomer  
specimens of p a r t i c u l a r  geometry t o  determine g e n e r a l l y  a p p l i c a b l e  
m a t e r i a l  p r o p e r t i e s .  
2 .  Apply t h e s e  m a t e r i a l  p r o p e r t i e s  i n  t h e  p r e d i c t i o n  of s t i f f n e s s  and 
damping proper tFes  of t h e  same m a t e r i a l ,  bu t  wi th  d i f f e r e n t  geometries.  
3. I n  p a r t i c u l a r ,  p r e d i c t  t h e  s t i f f n e s s  and damping of a  c y l i n d r i c a l  
c a r t r i d g e  (such as might b e  used t o  f l e x i b l y  support  a r o l l i n g  element 
b ~ a r i n g )  . 
4 .  Tes t  a  c y l i n d r i c a l  c a r t r i d g e  t o  determine i t s  dynamic s t i f f n e s s  and 
damping p r o p e r t i e s  and compare these  measurements wi th  corresponding 
p r e d i c t i o n s .  
5. Design a  c y l i n d r i c a l  c a r t r i d g e  damper f o r  c o n t r o l l i n g  v i b r a t i o n  of 
a  s p e c i f i c  ro tor-bear ing system and t e s t  t h e  performance of t h e  
c a r t r i d g e  i n  t h i s  a p p l i c a t i o n .  
6.  By f u r t h e r  control led- temperature  t e s t s  on e las tomer  specimens, de te r -  
mine what in f luence  temperature  has  on +he m a t e r i a l  p r o p e r t i e s  of 
t h e  BTR elas tomer  t e s t e d  i n  t h e  p r e s e n t l v  repor ted  i w e s t i g a t i o n .  
7. Develop a  model f o r  p r e d i c t i o n  of e las tomer  behavior which accounts  
f o r  temperature dependence o f  m a t e r i a l  p r o p e r t i e s .  
8. A s  i d e n t i f i e d  i n  t h i s  r e p o r t ,  u n c e r t a i n t i e s  i n  t h e  damping of t h e  
lower cy l inder  could be  s i g n i f i c a n t  a t  t h e  h igher  t e s t  f requenc ies .  
Reduction of t h i s  u n c e r t a i n t y  should be f a c t o r e d  i n t o  f u t u r e  r i g  
modi f i ca t ions  by such means as use  of a  m e t a l l i c  f o i l  t o  ,+lace  
t h e  p resen t  rubber s e a l s .  
APPENDIX A 
TEST SAMPLE DESIGN 
The frequency range over which t h e  e las tomer  samples a r e  requ i red  t o  be 
t e s t e d  was a dominating f a c t o r  i n  t h e  des ign  of t h e  samples s i n c e  accept-  
a b l e  d a t a  cannot be c o l l e c t e d  a t  f requenc ies  f a r  from t h e  resonance.  Th is  
may be seen  by examination of a t y p i c a l  response p l o t  f o r  a Sase -exc i t a t ion  
system, a s  descr ibed i n  Appendix B. For f requenc ies  g r e a t e r  than t h r e e  t imes t h e  
n a t u r a l  frequency, t h e  system t r a n s m i s s i b i l i t y  approaches 1 .0  and, depending 
on t h e  amount of damping i n  t h e  system, t h e  phase angle  between t h e  inpu t  and 
output  displacements tends  t o  130 degrees .  Based on t h e s e  f a c t s ,  i t  was de- 
cided t h a t  no d a t a  should be  c o l l e c t e d  a t  f requenc ies  h igher  t h a n  t h r e e  times t h e  
n a t u r a l  frequency. Since from a p r a c t i c a l  s t andpoin t  t h e  upper bound on t h e  
v i b r a t i o n  frequency is on t h e  o rder  of 1000 Hz, it was decided t h a t  t h e  
t e s t  set-up should provide a resonance frequency of a t  l e a s t  350 Hz wi th  +he 
smal les t  mass, which was approximately 0.9 Kg (2 l b . )  i n  t h e  p r e s e n t  i n v e s t i -  
ga t ion .  These c o n s t r a i n t s  provided a s t i f f n e s s  which t h e  t e s t  sample muit  
have i n  o rder  t o  meet t h e  experimental requirements .  Both t h e  compression 
and shear  samples were designed based on t h i s  c r i t e r i o n .  
1. C s e s s i o n  Sample 
- 
The compression sample is a n  ensemble of s e v e r a l  c y l i n d r i c a l  e las tomer  spec i -  
mens, as descr ibed i n  Sec t ion  111. The s i z e  and number of t h e s e  specimens was 
determined by t h e  above design x i t e r i o n .  I f  d is the  diameter  and "a" is  
t h e  h e i g h t  of any c y l i n d r i c a l  elastomer specimen (as  shown i n  F igure  Al) ,  
and i f  a compressive load is app l ied  along t h e  a x i s  of 
nominal compressive s t r e s s  is given by Payne and S c o t t  
where G = Shear modulus o f  t h e  material 
X = Rat io  of s t r a i n e d  t o  uns t ra ined  l e n g t h  
:; = Shape f a c t o r  
t h e  specimen, then t h e  
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The s t r a i n ,  c,  i s  simply ( 1  - A )  and t h e r e f o r e  Equation (Al) may a l s o  b e  
w r i t t e n  a s  
Since  f o r  most of t h e  experiments i n  t h e  p r e s e n t  i n v e s t i g a t i o n  t h e  smal l  
s t r a i n  assumption w i l l  b e  v a l i d ,  Equation (A2) may be expanded i n  powers of  
E,  Hence 
I f  h igher  o r d e r  terms a r e  neg1ec:ed i n  t h e  above equa t ion ,  then 
It should be  noted t h a t  Equation (A4) is b a s i c a l l y  ~ o o k e ' s  Law, s i n c e  t h e  
Young's modulus f o r  most rubbers ,  E = 3G.  
The s t a t i c  s t i f f n e s s  of t h e  e las tomer  sample is de f ined  by load pe r  u n i t  
d e f l e c t i o n ,  i . e . ,  
where A i s  t h e  c r o s s  s x t i o n a l  a r e a  of each e las tomer  specimen and n is  t h e  
number of specimens i n  t h e  ensemble. 
Combining (A4) and (A5) r e s u l t s  i n  
Equation (A6) g i v e s  t h e  s t a t i c  s t i f f n e s s .  However, i n  dynamic t e s t i n g  t h e  
n a t u r a l  frequency of t h e  system w i l l  be p r i m a r i l y  determined by t h e  dynamic 
s t i f f n e s s .  Meyer and Sommer [5]  have produced t e s t  r e s u l t s  comparing t h e  
s t a t i c  and dynamic s t i f f n e s s e s  of s e v e r a l  Polybutadiene composit ions,  For 
a composition having a Shore P. hardness  of 71, i t  is shown t h a t  t h e  dynamic 
s t i f f n e s s  is  t h r e e  t imes  l a r g e r  than the  s t a t i c  s t i f f n e s s .  Since  no 
composit ional  d e t a i l s  on t h e  m a t e r i a l  used i n  t h i s  i n v e s t i g a t i o n  a r e  a v a i l a b l e  
except t h a t  i t  has  a Shore A hardness of 70, t h e  above f i n d i n g s  i s  used t o  
I 
compute t h e  dynamic s t i f f n e s s ,  k, 
The n a t u r a l  frequency o f o r  a mass m is given by 
n 
where the  c r o s s  s e c t i o n a l  a r e a  is  represen ted  i n  terms of t h e  diameter  d.  
The minimum mass f o r  t h e  p resen t  system is 0.9 Kg (2 l b )  and t h e  desired- w 
n ? 
is  350 Hz. Also, a s  a p r a c t i c a l  value ,  1.27 cm (0.5 i n . )  may be  a r b i t r a r i l y  1 - 
s e l e c t e d  f o r  t h e  diameter .  S u b s t i t u t i o n  of t h e s e  va lues  i n  Equation (A8) 
- 7 
r e s u l t s  i n  
2 Note t h a t  t h e  shear  modulus G is i n  l b / i n  and t h e  t -e ight  of t h e  specimen "a" 
is i n  inches  i n  Equation (A9). 
T 
It is  now on ly  necessary  t o  e s t i m a t e  t h e  shear  modulus and determine t h e  i 
shape f a c t o r  S. Gent [ l l ]  has  shown t n  approximate i n t e r - r e l a t i o n s h i p  
between Shore A hardness ,  s, and t h e  Young's modulus of e l a s t i c i t y ,  E. 
7 0 Assuming G = E/3 t h i s  r e l a t i o n s h i p  is  given by 
Equation (A10) is  p l o t t e d  i n  Figure  A2, t aken  from Gent. Using t h i e  r e l a -  
t ionsh ip ,  t h e  shear  modulus f o r  a 70 durometer o r  Shore A hardness  is  e s t i m ~ t e d  
6 2 2 
a s  1.86 x 1 0  N/m (270 l b / i n  ). S u b s t i t u t i o n  of t h i s  i n  Equation (A9) g i v e s  
The shape f a c t o r ,  S, i s  def ined  by Payne and S c o t t  [ l o ]  by a func t ion  
6 2 
where B i s  a cons tan t  which depends on t h e  shear  modulus. For G = 1.86 x 10 N/m 
2 (270 l b / i n  ), B is  es t imated a s  0.063. Thus, 
With the  o b j e c t i v e  of s tudying t h e  e f f e c t s  of shape f a c t o r  on t h e  dynamic 
p r o p e r t i e s ,  t h r e e  d i f f e r e n t  th icknesses  of 12.7, 6.35, and 3.675 mm (0.5, 
0.25, and 0.125 i n . )  were s e l e c t e d  t o  g i v e  shape f a c t o r s  of approximately 1, 
1 .25  and 2. For these  th icknesses  and t h e  shape f a c t o r s ,  t h e  numher of specimens 
requ i red  i n  each ensemble were determined t o  be  r e s p e c t i v e l y  25, 10, and 3 f o r  
t h e  t h r e e  samples. For t h e  f i r s t  sanp ie ,  t h e  number n was i n  f a c t  changed t o  
30 p r imar i ly  because of p r a t i c a l  reasons  f o r  geometr ical  symmetry of t h e  sample. 
I n  any case  t h i s  w i l l  i n c r e a s e  t h e  n a t u r a l  frequency and is ,  t h e r e f o r e ,  p e r f e c t l y  
accep tab le .  
2. Shear Sample 
The des ign  of t h e  s h e a r  samples is somewhat s impler  than  t h a t  of t h e  compression 
samples s i n c e  no shape f a c t o r s  a r e  a s s o c i a t e d  wi th  s h e a r  deformation.  However, 
a s  shown i n  Figure  A 3 ,  when a p i e c e  of rubber i s  shear - s t ra ined  i n  a conven- 
t i o n a l  manner both shear  and bending occur.  It has  been shown [ l o ]  t h a t  t h e  
app l ied  shear  f o r c e ,  F, r e s u l t s  i n  a d e f l e c t i o n ,  6 ,  given by the  express ion 
Pig. A2 Relationship Between Shore Hardneao and Shear 
Modu lue 
Fig. A3 Schematic of the Shear Specimen 
6 
where 
P is 
b is t h e  specimen th ickness  as shown i n  Figure  A3, G l a  t h e  s h e a r  modulus, 
the  r a d i u s  of gyra t ion  of t h e  c r o s s  s e c t i o n  about t h e  n e u t r a l  -x i s  of 
bending and A is the  c r o s s  s e c t i o n a l  a r e a .  The bending e f f e c t  is i n d i - a t e d  
by the  second term i n  t h e  b racke t s .  
2 For t h e  r e c t a n g c l a r  sample shown i n  Figure  A3, A = wz end p 2 - -  z 112. By 
subs t i tu t ip ig  these  q u a n t i t i e s  i n  Equation (Al3), the  sample s t a t i c  s t i f f n e s s  
i n  shear  is  expressed a s  
Bendin2 xi11 be n e g l i g i b l e  when bL/36pL < c 1, and f o r  t h i s  simple case 
Gwz 
- -
b 
A s  i n  t h e  c a s e  of t h e  compression specimens, assuming t h a t  t h e  dynamic s t i f f -  I 
n e s s , k ,  i s  t h r e e  times t h e  s t a t i c  s t i f f n e s s ,  t h e  sesonant  frequency w f o r  i 
n 
a mass m and a sample. c o n s i s t i n g  of n i d e n t i c a l  specimens i n  p ~ r a l l e l  is 
given by 
Now i f  a resonant  frequency of 350 Hz is d e s i r e d  f o r  the  minimum p o s s i b l e  
mass of 0.9 Kg (2 l b s ) ,  Equation (Al6) g i v e s  
wzn 2 x (350 
x& 31 I -  L 3 x 386 x 270 
I f  t h e  a c t u a i  value cf wzn!b i s  greater than 31. ihen the  tesonant  frequency 
w i l l  be somewhat g r e a t e r  than 350 Hz (as  given by Squation Al6). Such a 
des ign w i l l  be p e r f c c t l y  accep tab le  as long as .e lowest. d e s i r e d  resonant  
frequency is a t  t a i n a b ~ e  wi th  t h e  maximum a v a i ?  ~ h l e  masa. With t h e s e  des ign p,uide- 
l i n e s ,  i t  was decided t h a t  a s a t i s f a c t o r y  shear  sample may c o n s i s t  of f o u r  
e las tomer  specimens wi th  t h e  f o l l a v i n g  dimensions 
Sample No. 1: n = 4;  w = 5.08 cmi2 i n . ) ;  z = 2.54 cm(l.0 i n . )  
It may be  noted t h a t  the  above conf igura t ion  g ives  wzn/b = 64 and t h e r e f o r e  
the  resonant  frequency corresponding t b  t h e  mass ti5 2 l b  w i l l  b e  35C 64/31 
o r  502 Hz. I f  t h e  ].owest d e s i r e d  frequency is  100 Hz, then t h e  re: ' r ed  mass 
w i l l  b e  approximately 51 l h ,  which i s  w e l l  w i t h i n  t h e  exper imental  l i m i t a t i o n s  
on maximummass. Also, bending e f f e c t s  have been neqlected I n  t h e  above 
2 design,  which is  q u i t e  j u r t i f  i a 5 l e  s i n c e  t h e  bending term (b /36p2) i n  t h i s  
case  is 0.0052, which is indeed q u i t e  smal l  compared t o  u n i t y .  
I n  o rder  t o  a l low f o r  some bending e f f e c t s  t : t h i n  the  exper imental  l i m i t a t i o n s .  
two a d d i t i o n a l  conf igura t ions  were s e l e c t e d  
f o r  a l l  th ree  samples t o  meet t h e  s t i f f n e s s  
f i g u r a t i o n s  a r e  
Sample No. 2: n = 8; w = 5.08 cm (2.0 
z = 1.27 cm (0.5 i n . )  
Sample No. 3; n = 20; w = 5.08 cm(2.0 
z = O.'08 :m (0.2 i n . )  
2 2 The magnitude of the  bending term (b /36p ) 
f o r  Samples No. 2 and No. 3, r e s p e c t i v e l y .  
v a r i a t i o n  i n  t h e  p o s s i b l e  bending e f f e c t s .  
such t h a t  (wznlb) is h e l d  cons tan t  
requirements.  The s e l e c t e d  con- 
i n . ) ;  b = 0.318 cm (0.125 in . )  
i n . ) ;  t 0.31b cm (0.125 i n . )  
Ls es t imated t o  be  0.0208 and 
Thus t h e  shear  specimens have 
APPENDIX B 
DYNAMIC CHARAClZRISTICS OF TEST RIG COMPONENTS 
A. Guide Bearings 
-- 
The two guide b e a r i n g s ,  c o n s i s t i n g  of spoke assembl ies ,  a r e  i d e n t i c a l  wi th  re-  
gard t o  t h e i r  geometry and dynamfc response. Therefore ,  t h e  experiment 
d iscussed below eppl i e s  t o  both  spoke assembl ies .  
Since t h e  only mode of d i s s i p a t i o n  i n  t h e  spoke assembl ies  is i ? , t e r n a l  f r i c t i o n  
i n  the  meta l  an+ a t  t h e  j o i n t s ,  t h e  a s s o c i a t e d  damping w i l l  b e  n e g i i g i b l y  
small .  It was found tha;  w i t h i n  t h e  d e s i r e d  p r e c i s i o n  on t h e  t e s t  r i g  response ,  
t h e  damping of t h e  spokes may be  neg lec ted .  I n  o r d e r  t o  measure t h e  s t i f f n e s s  
a simple experiment was performed. The o u t s i d e  r i n g  of t h e  spoke assembly was 
clamped on the  shaker t a b l e ,  a s  shown schemat ica l ly  i n  F igure  B1. The n a t u r a l  
frequency of t h e  system was measured, and k. ,wing t h e  mass of t h e  hub* ( s e e  Sec- 
t i o n  111) ,  t h e  s t i f f n e s s  of t h e  spokes was computed i n  a s t r a i g h t  forward manner. 
The duced d y ~ a m i c  model and t h e  system c h s r a c t e r i s t i c s  a r e  a l s o  o u t l i n e d  i n  
Figur-  B1.  It was fclund t h z t  t h e  s t i f f n e s s  of each spoke assembly, ks, is 
4 3.67 x 10 N/m (210 l b l i n )  . 
B. Mechanical S p r i n g  
Any damping i n  t h e  mechanical  s p r i n g  is  cnce aga in  n e g l i g i b l e .  However, due 
t o  th -  s i z e  of t h e  s p r i n g  ( s e e  Figure  1 6 ) ,  i ts e q u i v a l e n t  mass must be  
determined exper imenta l ly .  The s p r i n g  was clamped on t h e  shaker  t a b l e  and 
t h e  n a t u r a l  frequency w of t h e  system was measules.  The dynamic model, i n  
m 
t h i s  case ,  w i l l  be s i m i l a r  t c  t h e  one sh-wn i n  Figure  B 1 .  I n  t h e  second exper i -  
ment, a smal l  mass, A was a t t a c h e d  t o  t h e  top  of t h e  s p r i n g  and t h e  n a t u r a l  f r e -  
IT1 
quency w '  was aga in  measured. From t h e s e  measurements, t h e  computation of equi-  
m 
v a l e n t  s p r i n g  mass, m , and t h e  s t i f f n e s s ,  k is  s t r a i g h t f o r w a r d .  
m m 
and w '  = 
m m m 
m 

It w a s  found t h a t  t h e  equ iva len t  mass mm = 0.877 kg (1.93 l b s )  and the  
corresponding s t i f f n e s s  k = 2.96 x 105 N/m (1695 l b l i n ) .  
m 
C. Lower Cyl inder  wi th  Free  P i s t 2  
It is p o s s i b l e  to mount t h e  lower c y l i n d e r  w i t h  t h e  mechanical  s p r i n g  
d i r e c t l y  on t h e  shaker  t a b l e  and o b t a i n  a  base  e x c i t a t i o n  system, shown 
schemat ica l ly  i n  Figure  B2. The a n a l y s i s  f o r  such a  system is q u i t e  
s imple  1121, and i f  t h e  ou tpu t  motion is  measured a s  a func t ion  of t h e  
inpu t  t a b l e  e x c i t a t i o n ,  t h e  s t i f f n e s s  and damping of t h e  c y l i n d e r  can be 
c a l c u l a t e d .  It is  assumed t h a t  t h e  s t i f f n e s s  of t h e  cy l inder  i s  a func t ion  
of  t h e  a i r  p r e s s u r e  only.  
The a n a l y s i s  f o r  t h e  base  e x c i t a t i o n  system of F igure  B2 is o u t l i n e d  i n -  
Appendix C ,  and i t  is  shown t h a t  i f  t h e  system t r a n s m i s s i b i l i t y ,  a (def ined 
by t h e  r a t i o  of output  t o  inpu t  amplitude) and t h e  phase ang le  4 between 
t h e  output  and inpu t  a r e  measured, t h e  va lues  s t i f f n e s s  kl and cl may be 
computed. Within t h e  scope of  t h e  p r e s e n t  i n v e s t i g a t i o n ,  i t  i s  conserva- 
t i v e l y  assumed t h a t  k  and c a r e  frequency independent,  a s  d i scussed  i n  t h e  1 1 
Discussion s e c t i o n .  Under t h i s  assumption, it  is  shown i n  Appendix C t h a t  
only  the  measurements of  a and t h e  frequency a t  resonance a r e  necessa ry  i n  
o r d e r  t o  determine k and c  I n  f a c t ,  t h e  phase ang le  $ could be  computed 1 1' 
by knowing kl and c  from t h e  measurement of a a t  resonance,  and t h e  reso- 1 
nant  frequency. Thus, t h e  resonant  f r e q u e ~ c y  and va lues  c ~ f  a were measured 
a s  a func t ion  of  t h e  a i r  p r e s s u r e  t n  t h e  c y l i n d e r .  The phase ang le  4 a t  
res,.nance was a l s ~  measured f o r  t h e  purpose of  comparing I t  w i t h  t h e  
computed value.  The ampl i tudes  were low enough such t h a t  f l u c t u a t i o n s  3f 
p r e s s u r e  i n  t h e  c y l i n d e r  were l e s s  than 1% under t h e  a d i a b a t i c  assumption 
f o r  t h e  h i g h e s t  amplitudes imposed. 

With t h e  above measurements and t h e  a n a l y s i s  desc r ibed  i n  Appendix C ,  kl' 
and JI were computed, and f i n a l l y ,  us ing the  r e l a t i o n s  shown i n  Figure  B 2 ,  k, 
and c  were determined. The r e s u l t s  a r e  shown a s  a func t ion  of a i r  p r e s s u r e  11 
i n  t h e  c y l i n d e r  i n  Figure  B3. The compufed and measured phase ang les  a t  
resonance a r e  a l s o  compared i n  t h i s  p l o t ,  where t h e  s o l i d  curve r e p r e s e n t s  
t h e  computed r e s u l t s  and t h e  exper imenta l  daca is  shown by the  d i s c r e t e  
po in t s .  It is  seen t h a t  w i t h i n  t h e  p r e c i s i o n  l i m i t s  of phase ang le  measure- 
ment t h e  agreement i s  f a i r l y  good. The c y l i n d e r  s t i f f n e s s  is  very w e l l  
approximated by a  l i n e a r  func t ion  of  p t e s s u r e  and t h e  v a r i a t i o n  i n  t h e  
damping is r a t h e r  smal l .  However, i t  should  be noted t h a t  the  motion of 
t h e  p i s t o n  is  f r e e  i n  t h i s  experiment whi le  i t  i s  cons t ra ined  i n  t h e  assembled 
t e s t  r i g .  Such a  c o n s t r a i n t  may i n f l u e n c e  t h e  c y l i n d e r  c h a r a c t e r i s t i c s ,  
s i n c e  i t  c e r t a i n l y  i n f l u e n c e s  al ignment of t h e  s e a l s .  
I n  o r d e r  t o  put  some c o n s t r a i n t  on t h e  p i s t o n  motion,  t h e  lower guide  bea r ing  
was clamped t o  t h e  p i s t o n  and t h e  experiment was repeated.  The a n a l y s i s  of 
t h i s  s e t u p ,  and of  a s i m t l a r  s e t u p  f o r  t h e  upper c y l i n d e r ,  a r e  s p e c i a l  c a s e s  
of t h e  g e n e r a l  response  of  t h e  t e s t  r i g  and hence t h i s  response i s  formulated 
be fo re  d i s c u s s i n g  t h e  above two s p e c i a l  cases .  
L. General ized Tes t  Rig Response 
The dynamic model of t h e  t e s t  r i g  shown i n  Figure  15 is  r e d u c i b l e  t o  the  
form shown i n  Figure  B4 by combining t h e  va r ious  elements appear ing i n  
p a r a l l e l .  Now t h e  equat ion of motion of  t h e  resonant  mass w i l l  be h i e v e n d e n t  
of t h e  shaker  a i r  s p r i n g  and i t  may 
I t  i s  found exper imenta l ly  t h a t  
of t h e  above edua t ion  of motion 
be w r i t t e n  a s  
c  ; + k (X -X ) + k2x2 = 0 (82) 2 2  1 2  1 
motions a r e  s i n u s o i d a l  and hence s o l u t i o n  
becomes s t r a i g h t  forward 
= A1 s i n  w t  
= A2 s i n  (wt - 4 )  


Combining Equations (B2) and (B3) and separating t h e  c o e f f i c i e n t s  of s i n  w t  
and cos  w t  terms g i v e s  
1 C 2 
- 8 ,  
 sincp + - sincp + - 
nYu cosy - 
k2 dl +T cosy  - cosq  = 0 
nYo 
and 
1 C 2 kl 
- (.o., - $1 + - cos, - - 2 
nYu sincp - -nu s i n 9  + sincp = 0 
nYu nYo 
where 
Equations (B4) form t h e  two a l g e b r a i c  equa t ions  which may De solved f o r  any two 
unknowns. For the  purpose of r educ ing  the  e las tomer  d a t a ,  the  unknowns w i l l  
b t ~  k and c whi le  i n  the  experiments wi th  the upper c y l i n d e r  and the mechani- 1 1 
c n l  s p r i n g  assembly, the unknowns a r e  k and c Also f o r  c a l c u l a t i n g  the t e s t  2 2 ' 
r i g  rcspnnse t!,e s o l u t i o n s  a r e  r equ i red  f o r  cr and cp. Equations (B4) a r e ,  there-  
f o r e ,  rearranged i n  t h r e e  d i f f e r e n t  forms. 
k 2  2 
- CY (cosg  - u) + - a s i n y  - a c o s g  + a 2 
1 2 mLD 
- = 
nW 
rlyu 
2  2 
u - 2 (Y cosq  + 1 
C 2 
- u (COST - u) + ar sincp 
C 
1 nu 
- = 
a2 - 2 Q cosg  + 1 
a n d  
tan? = 
The express  ions  of k  c  k2 ,  and c  i n  terms of t h e  va r ious  c o e f f i c  I. ' I. ' 2 i e n t s  
shown i n  Figure  15  a r e  summarized i n  Table B 1  f o r  t h e  d i f f e r e n t  t e s t  se tups .  
It is  c l e a r  t h a t  t h e  experiment w i t h  t h e  lower c y l i n d e r  assembled wi th  t h e  
guide  bea r ing  and t h e  mechanical  s p r i n g ,  is a  s p e c i a l  case  of t h e  above 
formulat ion.  Likewise,  t h e  experiment w i t h  upper p i s t o n  connected d i r e c t l y  
t o  t h e  mechanical  s p r i n g s  and t h e  guide  bea r ings  forms ano the r  s p e c i a l  case.  
Since,  i n  t h e  case  of both  of t h e s e  experiments,  t h e  s t i f f n e s s  and damping 
c o e f f i c i e n t s  a r e  assumed t2 be frequency independent,  t h e  formulat ion could 
be expressed i n  terms of t h e  resonance cond i t ions .  Th i s  w i l l  be very s i m i l a r  
t o  t h e  a n a l y s i s  presented f o r  the  base  e x c i t a t i o n  system i n  Appendix C. 
The  system t r a n s m i s s i b i l i t y  a i s  w r i t t e n  i n  terms of t h e  nondimensional 
q u a n t i t i e s .  
TABLE B1 -
REDUCED STIFFNESS AND DAMPING COEFFICIENTS 
Test Setup 
Mechanical Spring with kl, + km k + 2ks c u u 
A l l  System Components 
Elastomer Specimen with k~ + ke k + 2ks c 
' 1  + 'e U 11 A l l  System Components 
Mechanical Spring with km + k1 C a ks 0. Lower Cylinder and 
Guide Bearing 
Mechanical Spring with 
A 11 System Components 
Except the Lower Cylinder 
Sine< a t  resonance a i s  a maximum, the  second requ i red  equat ion i s  ob ta ined  
by d i f f e r e n t i a t i n g  Equation (B8)  w i t h  r e s p e c t  t o  12. 
Equations (B8j and (B9) a r e  sa lved  f o r  e i t h e r  u agd v o r  u and v Once 1 1 2 2 '  
t h e s e  s o l u t i o n s  a r e  ob ta ined ,  the  phase ang le  a t  resonance is  obta ined by the  
second of  Equations (B7). I: is  c l e a r  t h a t  t h e  s e t  of a l g e b r a i c  equa t ions  
a r e  non l inea r  and,  t h e r e f o r e ,  t h e  convent ional  Newton-Raphson i t e r a t i o n  
method i s  used t o  o b t a i n  a f i n a l  s o l u t i o n .  The two equa t ions  a r e  expressed 
i n  t h e  fo l lowing f u n c t i o n a l  forms 
Note t h a t ,  when Equations (88) and (B9) a r e  s a t i s f i e d ,  f l  = f 2  = 0. 
The recurrence  formulae f o r  the  computation of u l ,  v l  o r  u 2 ,  u2 a r e  g iven as 
where 
once ~ h c  above s o l u t i o n s  a r e  ob ta ined ,  the  phase ang le  a t  resonance i s  ex- 
pressed a s  
'l'l~u:;, i f  ihc  s t i f f n e s s  and damping coef f i c i e n c s  a r e  independent of  f requency,  
i t  i s  only necessary t o  measure the  system t r a n s n i s s i b i l i t y  and the  frequency 
. I (  I ~ ' S O I K I I I ~ L ~  i l l  ordtsr t i )  compute the unknown c o e f f i c i e n t s .  The s p e c i a l  c a s e s  
0 1  ~ 1 1 , .  I O W L ~ C  .11nI upper c y l i n d e r  w i t n  cons t ra ined  p i s t o n  motion may ndw be con- 
E. Lower Cyl inder  wi th  Constrained P i s t o n  
Some c o n s t r a i n t  on t h e  motion c f  t h e  p i s t o n  i n  t l - 2  lower c y l i n d e r  i s  provided 
by connecting i t  t o  the  lower guide bear ing.  The dynamic model of t h i s  
system is shown schemat ica l ly  i n  Figure  B5. For a p resc r ibed  amplitude of 
t a b l e  e x c i t a t i o n ,  t h e  frequency was v a r i e d  u n t i l  resonance was observed.  
The ou tpu t  motion of  t h e  r e s m a n t  mass was then no ted ,  and thus  t h e  t r ans -  
m i s s i b i l i t y  a and t h e  frequency a t  resonance were determined a s  f u n c t i o n s  
of the  a i r  p r e s s u r e  i n  t h e  lower c y l i n d e r .  The ampl i tudes  were low enough 
t h a t  f l u c t u a t i o n s  i n  t h e  a i r  p r e s s u r e  were I - ? -  ?:)an 1% assuming a d i a b a t i c  
expansion f o r  t h e  l a r g e s t  ampl i tudes  impoc . , i ~ t i o n s  (bll) w i t h  i = 1, 
were solved f o r  u  and v ,  and thus  t h t  c y l  ; t  : t i f F n r s s  and damping 1. 
c o e f f i c i e n t s  were determined. 
The r e s u l t s  a r e  p l o t t e d  a s  func t ions  of preasu 1gi r e  86. Although 
t h e  s t i f f n e s s  again  v a r i e s  l i n e a r l y  as a  func t ion  of p r e s s b r e ,  t h e  a b s o l u t e  
va lues  a r e  somewhat h igher  than those  ob ta ined  w i t 1 9  t he  f r e e  p i s t o n  motion 
in Figure B3. A p o s s i b l e  reason f o r  t h i s  e f f e c t  i s  the  change i n  c y l i n d e r  
volume between the  two t e s t s  [ 1 2 j .  The l i n e a r  r e l a t i o n s h i p  shown by t h e  
dashed curve was used i n  c a l c u l a t i n g  t h e  lower c y l i n d e r  s t i f f n e s s  f o r  ;be 
purpose o f  reducing the  e las tomer  da ta .  

Fig. B6 Lower Cyljnder S t  i f  tnesr 2nd D,.my i1.p W i t h  
Constrainetl Piston Motitv. 
Var ia t ions  i n  t h e  damping c o e f f i c i e n t s  a r e  r a t h e r  i r r e g u l a r ,  and assuming a 
constant  value  a s  shown by t h e  dashed curve  seems very reasonable .  I t  
should be noted t h a t  c o n s t r a i n i n g  t h e  p i s t o n  ~ i u r i o n  does i n c r e a s e  t h e  damping 
t o  an apprec iab le  e x t e n t .  For reducing t h e  e las tomer  d a t a ,  c y l i n d e r  damping 
das  t h e r e f o r e  determined by performing a l ezs t - squares  a n a l y s i s  of  t h e  
response of t h e  completely assembled t e s t  r i g ,  except  t h a t  t h e  mechanical 
s p r i n g  was used i n s t e a d  o f  che e las tomer  specimen. D e t a i l s  of  t h i s  approach 
a r e  d iscussed l a t e r  i n  t h i s  Appendix. 
The d i f f e r e n c e s  between t h e  computed and measured phase ang les  a r e  cf t h e  
same genera l  o r d e r  a s  shown e a r l i e r  i n  Figure  B3. 
F. Upper Cylinder wi th  Constrained P i s t o n  
S imi la r  t o  t h e  lower c y l i n d e r ,  an experiment was set-up wi th  t h e  upper 
c y l i n d e r  mounted i n  p lace .  The p i s t o n  was ccnnected through bo th  gu ide  
bea r ings  d i r e c t l y  t o  t h e  meachanical s p r i n g  mounted on the  shaker  t a b l e .  
Thus, t h e  lower c y l i n d e r  was e l imina ted  i n  t h i s  test. A dynamic model of 
t h e  system is shown schemat ica l ly  i n  F igure  B7. 
Since  t h e  range of p ressure  v a r i a t i o n  i n  t h e  upper c y l i n d e r  dur ing  t h e  
a c t u a l  t e s t s  was much smal le r  than t h a t  f o r  lower c y l i n d e r ,  t h e  a i r  p r e s s u r e  
2 
was v a r i e d  only  up t o  2.76 x 104 N / m  (4 p s i g )  i n  t h i s  experiment. The 
t r a n s m i s s i b i l i t v  a and t h e  frequency a t  resonance were measured a s  f u n c t i o n s  
of a i r  p ressure  i n  t h e  cy l inder .  Equations (B11) wi th  i = 2 ,  were so lved  i n  
t h i s  case  f o r  u and v and thus  t h e  c y l i n d e r  s t i f f n e s s  and damping were 2 2 
determined a s  f u n c t i o n s  of t h e  pressure .  
The s t i f f n e s s  is  aga in  found t o  vary  l i n e a r l y  w i t h  p ressure  a s  shown i n  
Figure  B8. The r e l a t i o n s h i p  shown by t h ~  dashed curve  was used dur ing 
reduc t ion  of d a t a  from t h e  e las tomer  tests. It may be noted t h a t  t h e  
s t i f f n e s s  of t h ~  upper c y l i n d e r  is somevhat l e s s  than t h a t  of t h e  lower 
cy l inder .  An exp lana t ion  o f  t h i s  d i f f e r e n c e  l i e s  i n  t h e  f a c t  t h a t  i n  the 
assembled conf igura t ion ,  t h e  volume i n  the  upper c y l i n d e r  is g r e a t e r  than 
t h a t  i n  t h e  lower one. 

Fig. B8 Upper Cylinder Response W i t h  
Constrained Piston Motion 
The computed and measured phase angles i n  t h i s  experiment a r e  i n  reasonable 
agreement and the  order  of deviat ions ai-e the same as  those shown e a r l i e r  
i n  Figure B3. 
For any f i n i t e  a i r  pressure,  t he  damping vas  again found t o  be f a i r l y  
constant.  However, t he  cy l inder  seems t3 provide s i g n i f i c a n t l y  more damping 
a t  atmospheric pressure.  Af te r  completing a l l  t he  t e s t s ,  the  cy l inders  
were disassemhied t o  examine any d i f f e r ences  between the  mountings of t he  
s e a l s  on the pistoils. It was found tha t  unl ike t he  lower cy l inder ,  the  
s e a l  was not cemented t o  t h e  e n t i r e  a r ea  of the  p i s ton  i n  the  upper cyl inder .  
This  geometrical d i f fe rence  w i l l  a f f e c t  t he  alignment of t he  s e a l s  and, 
hence, may explain some di f fe rences  i n  t he  damping coe f f i c i en t s .  In any 
case,  the  damping coe f f i c i en t s  required f o r  reducing the  elastomer da ta  were 
determined from the  completely assembled t e s t  r i g  response a s  discussed 
below. 
G. Test  Rig Response with a Mechanical Spring 
A l l  components of the  t e s t  r i g  were properly assembled i n  t h i s  experimental 
set-up except t h a t  the  elastomer specimen wah, replaced by the  mechanical 
spring. The only damping i n  the  system s o  assembled is due t o  the  s e a l s  i n  
the  upper and lower cyl inders .  Also, t h e  geometrical configurat ion of  t h e  
t e s t  r i g  was very c lose  t o  the  one used when obtaining the  elastomer response 
data.  Thus, the  alignment of the  s e a l s  was very c lose  t o  ac tua l  condi t ions 
and the computation of the  damping coe f f i c i en t s  from the  response measurement 
of t h i s  system becomes q u i t e  meaningful. 
Zhe dynamic model f o r  the  complete test r i g  was shown e a r l i e r  i n  Figures 
15 and B4. The reduced form shown i n  Figure B4 is  d i r e c t l y  appl icab le  t o  
the  present configurat ion wi th  t he  r e l a t i o n s  of the  various system elements 
defined i n  Table B1.  The value of the  resonant mass, in, was determined by 
s ~ i m i n g  up a11 relevant  masses and was found t o  be 6 Kg (13.39 l b s ) .  S t i f f -  
nesses of the  spoke assemblies, t he  mechanical spr ing and both t he  cy l inders  
have already been es tab l i shed  i n  t he  preceding experiments. Thus, from 
the measurement of t he  test  r i g  response the  damping c o e f f i c i e n t s  f o r  the 
upper ttnd lower cy l inders  may be calculated.  
The experimental  pro,.edure c o n s i s t e d  of measuring t h e  t r a n s m i s s i b i l i t y  u ,  
t h e  frequency, and t h e  phase angle at  resonance a s  func t ions  of p r e s s u r e  i n  
t h e  cy l inder .  P r e s s w e  i n  t h e  lower c y l i n d e r  was v a r i e d  from 0 t o  8 . 2 7  x 
4 2 10 N/m (0 t o  12 p s i g )  a t  t h r e e  d i f f e r e n t  va lues  0 ,  1 .33 x lo4 and 2 .76  x 
4 2 10 X/m (0, 2 ,  and 4 p s i g )  of p ressure  i n  t h e  upper c y l i n d e r  and thus ,  
l a r g e  d a t a  mat r i ces  were obta ined t o  cover t h e  e n t i r e  range of opera t ion  of 
t h e  t e s t  r i g .  Of t h e  t h r e e  measurements, a has probably t h e  b e s t  accuracy.  
Frequency measurements a r e  genera l ly  good t o  wi th in  1 Hz bu t  s i n c e  most of 
t h e  d a t a  obta ined i n  t h i s  experiment l ies i n  a very narrow band c l o s e  t o  
t h e  n a t u r a l  frequency of t h e  mechanical s p r i n g ,  smal l  frequency e r r o r s  can 
be s i g n i f i c a n t .  Keeping a l l  t h e s e  p o i n t s  i n  view, t h e  damping c o e f f i c i e n t s  
were determined by a leas t - squares  a n a l y s i s  of t h e  t r a n s m i s s i b i l i t y  data .  
I t  is c l e a r  t h a t  t h e  problem a t  hand is non-linear and some type of i t e r a t i v e  
o r  marching technique is  required.  The a n a l y s i s  used is b r i e f l y  o u t l i n e d  
below. 
A d a t a  matr ix  f o r  cu and cl varying from 0 t o  1 lb-sec l in  was formed and f o r  
each combination, a a t  resonance is  computctd by Equations (B8) and (B9). 
Symbolically, let  p and pll denote t h e  p r e s s u r e s  i n  t h e  upper and lower 
u i  
c y l i n d e r s  where 1 2  i ( n u  and l (  j ( n Q  a s  determined by t h e  s e l e c t e d  
exper imental  d a t a  matr ix .  Also, l e t  c and c have t h e  va lues  c II u ilk and 
r e s p e c t i v e l y  where 1 2  k 2 n and a l s o  1 2  h 2 n. I f  t h e  measured t rans -  
m i s s i b i l i t y  f o r  p r e s s u r e s  p and pp is ail, and t h e  computed va lue  m d e r  
u i  1 c.) 
these  cond i t ions  and w i t h  c Q  C %  Cu be Pjkh, then t h e  t o t a l  
squared dev ia t ion  is obta ined by proper  summation: 
The e n t i r e  mat r ix  f o r  c and c i r  scanned f o r  the  minimum squared d e v i a t i o n  
u L 
and the  corresponding value. of cu and c a r e  taken t o  be the  requ i red  values. I 
It i s  t r u e  t h a t  the  a c c u r a c i e s  of cu  and c a r e  determined by t h e  i n t e r n a l  s i z e  a 
used t o  d iv ide  the r e g i o n  of O t o  1 i n  f i n i t e  number of d a t a   point^^. I n l t l a l l y  
the i n t e r v a l  s i z e  i r  taken a6 0 . 1  and t h e  r e q c i r e d c  and c a r e  determined and 
U I 
then a  new mat r ix  wi th  i n t e r v a l  s i z e  0.01 is  set up around tilcse computed 
va lues  and t h e  p rev ious ly  ob ta ined  s o l u t i o n  is  r e f i n e d  bv adding an 
a d d i t i o n a l  d i g i t .  The procedure could be  repea ted  f o r  o b t a i n i n g  any more 
s i g n i f i c a n t  d i g i t s  i f  necessary .  
Using t h e  above scheme, t h e  damping c o e f f i c i e n t s  f o r  the  lower and upper 
c y l i n d e r s  were found t o  be r e s p e c t i v e l y  102 and 2 .45  N-seclm (0.583 and 
0.014 lb - sec / in ) .  These va lues  were used i n  determining t h e  e las tomer  
c h a r a c t e r i s t i c s  from t h e  exper imenta l  da ta .  
APPENDIX C 
RESPONSE OF A BASE-EXCITATION SYSTEM 
Since t h e  s t i f f n e s s  and damping i n  t h e  a i r  c y l i n d e r s  have been assumed t o  be 
independent of frequency, a t  l e a s t  w i t h i n  t h e  scope of t h e  p resen t  i n v e s t i g a -  
t i o n ,  it  i s  necessary  t o  analyze t h e  t e s t  r i g  response t o  determine t h e s e  
c o e f f i c i e n t s  of damping and s t i f f n e s s .  J n  t h e  absence of t h e  upper c y l i n d e r  
t h e  t e s t  r i g  is represen ted  by a  convent ional  base  e x c i t a t i o n  system. The 
response of such a  system is  very wel l  known [ 121 and t h i s  Appendix b r i e f l y  
out  l i n e s  t h e  a n a l y s i s  a p p l i c a b l e  t o  such a  system. 
The response of a  simple base e x c i t a t i o n  system, a s  shown i n  Figure  C 1 ,  is 
given i n  terms of t r a n s m i s s i b i l i t y  u ,  and t h e  phase ang le  Q ,  def ined by t h e  
equat ions  given i n  Reference [ 91 . 
and 
n  t a n  tp = 2 2 
I - < ? )  + (2c:) 
n  n  
where: 
co = e x c i t a t i o n  frequency ( rad l sec )  
- 
= /!, t h e  n a t u r a l  frequency of t h e  s p r i n g  mass system ( r a d l ~ e c )  
k - s p r i n g  s t i f f n e s s  (N/m) 
2 
rn - resonant  mass (N-eec / i n . )  
C 6 - , damping r a t i o  
=c 
c - system damping c o e f f i c i e n t  (N-sec/m) 
-SHAKER INPUT x,=A,s inwt  
Fig .  C 1  Scherwtic of a Base E x c i t a t i o n  System 
c = 2 w n ,  c r i t i c a l  damping c o e f f i c i e n t  (N-sec/m) 
C 
A1 = input  amplitude (a)  
A* = outpu t  amplitude (m) 
q = phase angle  (degree) 
Thus, i f  t h e  inpu t  and output  amplitude8 and t h e  phase a n g l e ,  Q, a r e  measured, 
t h e  system s t i f f n e s s  end damping may be  computed from t h e  above equa t ions .  For 
s i m p l i c i t y ,  Eq. (Cl) may be rearranged f o r  t h i s  computation.  
k 
- I 
Q' (a - cos  w )  
2 
mco 
1 + a (a - 2 C O S  (9) 
and 
Since t h e  measurement of t h e  phase a n g l e s  m y  sometimes involve l a r g e  e r r o r s ,  
t h e  va lues  of k, and c ,  a s  computed by Equation (C2) may r e s u l t  i n  some e r r o r .  
However, t h e  measurements of A2 and A1 o r  a. and t h e  frequency m ore  r e l a t i v e l y  
p r e c i s e .  Hence, i f  k and c a r e  de r ived  from t h e  amplitude r a t i o  a rnax and t h e  
frequency n a t  resonance,  then t h e  e r r o r 8  i n  t h e  computed k and c w i l l  be smal l  
compared t o  t h o s e  determined by Equation (C2). Now i f  k and c a r e  assumed t o  
be independent of frequency, then  t h e  two equa t ions  requ i red  t o  compute k and c 
become : 
U 
max 
and 
a The preceding two equations a r e  e a s i l y  solved fo r  (u, ) and umx a s  a funct ion of 
6 .  The phase angle a t  resonance is then computed frBm the  second of Equation (Cl).  
2 1 4 
CT r 
max 
d.%+5 
4c2 
4 4 4 
These so lu t ions  a re  r e a d i l y  p lo t ted  i n  Figure C2 with an add i t i ona l  no ta t ion :  
The 
from 
computations of k and c with the measured u and Clm now s t ra igh t forward  
max 
Figure C 2 .  For example, f o r  a = 2.5, the following values  a r e  noted: 
LL 
and from t h e  d e f i n i t i o n s  of 6 ,  6 ,  and 0 ,  it it3 found t h a t  9 = 56O, 1 - 0.958.  
4" For a mass equivalent t o  say 0.9 kg (2 l b ) ,  t h i s  gives  k = 7.66 x LO N/m (437 
lb / in . )  and c = 37.1 N-sech  (0.212 lb-sec/ in . ) .  
Once k, and c a r e  determined, t he  rystem response is  d i r e c t l y  computed, using 
Equation (Cl) . This  response may be compared with t he  one obtained experi-  
mentally t o  a s c e r t a i n  some confidence on the  computed values  of k and c .  
ZETR 
Fig. C2 Retpoare of a Bare Excitation Syrtem at  R ~ O O M ~ C ~  
APPENDIX D 
MECHANICAL MODEL ANALOGIES OF ELASTOMER DYNAMIC hESPONSE 
During the  course of t h i s  study, techniques fo r  f i t t i n g  equivalent mechanical 
models t o  elastomer s t i f f n e s s  and damping da t a  were developed. This Appendix 
descr ibes  these techniques. Figure 35 of the l ~ p o r t  compares the predict ion of 
one such model with the data  t o  which the model was f i t t e d .  
Mechanical models simulating v i scoe la s t i c  behavior of elastomers may be obtained 
by combining several  spr ings and dashpots i n  a prescribed fashion. The simplest 
arrangements a r e  when only one spr ing  and one dashpot a r e  connected e i t h e r  i n  
s e r i e s  o r  in  p a r a l l e l  a s  shown i n  Figure D l .  The s e r i e s  arrangement is  general ly  
ca l led  a Maxwell element, while the p a r a l l e l  configurat ion is termed as a Voigt 
element. Sometimes the p a r a l l e l  arrangement i s  a l s o  re fer red  t o  a s  a Kelvin 
element, s ince i t  was introduced by Kelvin before Voigt. In general ,  for  a so l id  
mater ial ,  a Maxwell model may be defined by a combination r r  .vetal  Maxwell 
elements connected in  p a r a l l e l  with a spr ing and a dash .ikewise, a general 
Voigt model may cons is t  of several  Voigt elements conne m s e r i e s  with a 
spring. These models a r e  shown schematically i n  Figure ,,. Although several  
other  combinaLions a r e  possible ,  Lazan [131 has shown tha t  a l a rge  number of 
arrangements a r e  reducible  t o  e i t h e r  a Maxwell or 3 Voigt type of model. The 
ana lys is  for  both these models is q u i t e  simple. In f a c t ,  i f  the  Maxwell model 
i s  analyzed in  terms of complex s t i f f n e s s ,  the ana lys is  w i l l  apply d i r e c t l y  t o  
the Voigt model when the s t i f f n e s s  function i s  replaced by compliance. 
1. Mamell Model 
Since the force in  a spr ing and the  dashpot i n  a Mamell element is  the  same, 
the model is bes t  analyzed i n  terms of complex s t i f f n e s s .  Let the  model con- 
s ie t ,  of n Maxwell elements connected i n  p a r a l l e l  with a spr ing of s t i f h e a s  ko, 
and a dashpot with damping coe f f i c i en t  co. Also, let: the j t h  element have a 
spr ing of r t i f f n e s s  k and a dashpot with a damping coe f f i c i en t  of c For J 1 ' 
so l id  mater ials ,  ko w i l l  be f i n i t e  and v i l l  correspond t o  the s t a t i c  s t i f f n e s s  
and c may be zero. A r e l axa t ion  time T = c /k is 8 measure of the time 
0 j j j  
required fo r  s t r e s s  r e l axa t ion  i n  the j t h  l b m e l l  element. A straightforward 
a lgebra ic  manipulation w i l l  shar  t h a t  the complex s t i f f n e r s  of the Maxwell 
model i r  deocribed by the function [93 101 
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For b r e v i t y ,  Equation (Dl) i s  w r i t t e n  a s  
where 
and 
I f  K1 and K2 a r e  determined exper imenta l ly  as a f u n c t i o n  of frequency,  then 
Equations(D3) may be used t o  compute t h e  v a r i o u s  model c o e f f i c i e n t s .  A l e a s t -  
squares  method may be used t o  accomplish t h i s  t a s k .  Let the  exper imenta l  d a t a  
be t a b u l a t e d  a t  f requenc ies  (1: , 1 s v s m,  where m is  the  t o t a l  number of  d a t a  
V 
p o i n t s  and a l s o  f o r  g e n ~ r a l l t y  l e t  the  f u ~ ~ c t i o n s  K 1  and K2 be weighted bv con- 
s t a n t s  W1 and W2, then the  sum of  squared d e v i a t i o n  (SSD) is  def ined a s  
\ ' 
SSD = W 1  k f (uJ 
v t K 1  j j 
where 
Equation (D4) may be d i f f e r e n t i a t e d  w i t h  r e s p e c t  t o  a l l  t h e  model c o e f f i c i e n t s  
and d e r i v a t i v e s  s e t  equa l  t o  ze ro  f o r  minimum SSD. These r e s k l t i n g  equa t ions  
a r e  t o  be solved s imul taneously  f o r  t h e  requ i red  c o e f f i c i e n t s .  It i s  c l e a r  
t h a t  t h e  c o e f f i c i e n t s  k appear  i n  a l i n e - r  f ash ion  but  T o r  R a r e  n a n l i n e a r  j j 1 
and a r e ,  t h e r e f o r e ,  determined by i t e r a t i ,  method. 
For any s e t  of va lues  f o r  n i s j g n, t h e  l i n e a r  c o e f f i c i e n t s  kos co, and j * 
k 1 s j s n a r e  determined by so lv ing  t h e  ?normal equationst1 f o r  a c o n v e n t ~ o n a l  1 ' 
l i n e a r  r e g r e s s i o n  a n a l y s i s  [14]. 
D i f f e r e n t i a t i o n  of Equat ion (D4) with respec t  t 3  t h e  non l inear  c o e f f i c i e n t  g i v e s  
where 
A A 
= - and hi I - -  
bQi 3% 
For minimum SSD, the  d e r i v a t i v e s  given by the  above equa t ions  must be zero. 
Thus, t h e  n simultaneous equa t ions  f o r  0 1 s j r n become 1 ' 1 
1 The above equa t ions  a r e  solved by the Newton-Raphson i t e r a t i o n  method. The i 
success ive  s o l u t i o n s  a r e  obta ined by i n v e r t i n g  t h e  Jacobian mat r ix .  -. 
. . 
i 
i f  
The elements of the  Jacobian mat r ix  a r e  der ived by s t ra igh t fo rward  d i f f e r e n t i a -  
t i o n  of Equation (D6) i / r !  
and 
where 
I 1 
11 a i 11 
f i  = 
- 
a h i  
and hi = - 
3% 
The various derivatives of functions 
defined i n  Equations 
0, L 
-
I 2- f i  (a) = - - 
a r I y<2 
; I +  i 
f  and h are derivable by the re lat ions  
To summarize t h e  i t e r a t i v e  s b l u t i o n  procedure t h e  l i n e a r  parameters ,  ko, Co$ 
k  1 s j s n a r e  solved f o r  any set o f  i t e r a t e s  a , 1 s j s n. j ' 1 The new s e t  
o f  i t e r a t e s  , 1 s j r n a r e  ob ta ined  by s o l v i n t  t h e  l i n e a r  a l g e b r a i c  Equa- 
t i o n s  (D7). "3 .l 
It s h o u l d  be noted t h a t  such a  l e a s t  squares  a n a l y s i s  may somctirnes r e s u l t  i n  
negat ive  c o e f f i c i e n t s ,  which a r e  p h y s i c a l l y  meaningless. Under t h e s e  cond i t ions ,  
i t  might seem reasonable  t o  guess  t h e  p o s s i b l e  r e l a x a t i o n  f requenc ies  from t h e  
t r e n d  of t h e  d a t a  and determine t h e  l i n e a r  parameters by c a r r y i n g  ou t  a  
s imple  l i n e a r  regress ion.  
I n  o rder  t o  judge t h e  reasonable  v a l u e s  o f  0 1 * j S n, t h a  q u a l i t a t i v e  j ' 
t r e n d s  of Equation (D4) must be  examined. It i s  c l e a r  t h a t  K 1  i s  formed 
by l i n e a r  s u p e r p o s i t i o n  of f, and K2 is  ob ta ined  by anperposing t h e  f u n c t i o n s  
.I 
h The f u n c t i o n G  f and h are p l o t t e d  a s  func t ions  of o/Q i n  ~ i g u r e  ~ 3 ,  j 
Thus, superposing f  over  s s t a t i c  s t i f f n e e e  ko w i l l  r e s u l t  i n  a n  i n c r e a s i n g  
.I 
K 1  a s  a  func t ion  of-frequency. I n  t h e  c a s e  o f  K2, some maxima o r  minima may 
be observed,  depending on t h e  va lues  of I f  n = 1, then c l e a r l y  K2 w i l l  j ' 
peak a t  u = nl. I f  11 = 2 and nl and 0 a r e  q u i t e  f a r  a p a r t ,  then a minimum 2 
w i l l  be observed i n  K2 a t  cu somewhere between O1 and C$. I f  n  = 2 and Ql and 
O2 a r e  q u i t e  c l o s e ,  then a  maximum w i l l  be observed i n  K2 a t  u, somewhere be- 
tween Ql and %. A non-zero va lue  f o r  c o e f f i c i e n t  co c l e a r l y  i n d i c a t e s  a l i n e a r  
i n c r e a s e  i n  K2  wi th  frequency. I f  no such t rend  i s  p r e s e n t  i n  t h e  d a t a ,  co 
may be s e t  equal  t o  zero. These q u a l i t a t i v e  t r e n d s  w i l l  e s t a b l i s h  t h e  poss ib le  
va lues  of O . ,  1 s j S n ,  and a l s o  might h e l p  determine t h e  number of e lements ,  
j 
n,  required i n  a model t o  f i t  the exper imental  d a t a .  
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2. Voigt Model 
As shown i n  Figure D2 l e t  a genera l i zed  Voigt model be def ined by n Voigt 
elements connected i n  s e r i e s  wi th  a s p r i n g  of s t i f f n e s s  ko, Also ,  l e t  the 
j t h  element have a s p r i n g  of s t i f f n e s s  k and a dashpot w i t h  damping c o e f f i -  j 
c i e n t  c I f  t h i s  model i s  app l i ed  t o  s o l i d  m a t e r i a l s ,  and i f  the  s t a t i c  j ' 
s p r i n g  w i t h  s t i f f n e s s  ko is  not p r e s e n t  then  the  s p r i n g s  i n  a l l  elements must 
have non-zero s t i f f n e s s .  T h i s  model is  b e s t  analyzed i n  terms of complex com- 
p l i a n c e  H(m) which may be expressed a s  L91- 
where 
bo = l / k o  , b = J l / k j  and = c / k  J J 
The time T i n  t h i s  c a s e ,  is  g e n e r a l l y  c a l l e d  r e t a r d a t i o n  time s i n c e  i t  i s  a j 
measure of time requ i red  f o r  the  e x t e n s i o n  of the  s p r i n g ,  i n  t h e  Voigt element,  
t o  i ts  e q u i l i b r i u m  l e n g t h  whi le  r e t a r d e d  by t h e  dashpot .  
Equaiion (D12) f o r  b r e v i t y  may be expressed a s  
where 
n 
and h i s  same a s  de f ined  i n  Equat ion 
110 J 
It i a  c l e a r l y  noted t h a t  Equation (014) ie  s i m i l a r  t o  Equation (D3)  wi th  co = 0. 
I n  f a c t ,  i f  ko, k j ,  f j ,  1 s j L n, and K l v ,  KZy, 1 4 a m i n  Equation (03) 
a r e  r e s p e c t i v e l y  replaced by bo, b j ,  g!, 1 s j L n, and H 1  , HZ , 1 s V r m,  
v v 
t h a ~  the  r e s u l t i n g  equa t ion  w i l l  be i d e n t i c a l  t o  Equation (D14j. Thus, a l l  
tht? a n a l y s i s  ou t l ined  f o r  the  Maxwell model i s  a l s o  a p p l i c a b l e  i n  the  case of 
the  Voigt model. 
The d e r i v a t i v e s  of the  func t ion  g a r e  e a s i l y  obta ined j 
A l l  t he  q u a l i t a t i v e  f e a t u r e s  descr ibed i n  the case  of the  Maxwell model a r e  a l s o  
r e l e v a n t  here  when t h e  exper imantal  d a t a  is p l o t t e d  i n  terms of complex compli- 
ance. However, the  f u n c t i o n  g must be used i n s t e a d  of f Th i s  is  a l s o  p l o t t e d  J j ' 
i n  Figure  ~ 3 .  
NOMENCLATURE 
2 Cross  s e c t i o n a l  a r e a  of  e l a s tomer  specimen (m ) 
I n p u t ,  shaker  t a b l e  ampl i tude (m) 
Output ,  r e sonan t  mass ampl i tude (m) 
He : 3 h t  of e las tomer  specimen b )  
Thickness of shea r  specimen (m) 
Damping c o e f f i c i e n t  (N-secfm) 
C r i t i c a l  damping ( s e e  Equation C1,  Appendix C) (N-sec/m) 
Elastomer damping c o e f f i c i e n t  (X-sec/m) 
Lower c y l i n d e r  damping c o e f f i c i e n t s  (N-sec /m) 
Damping a s  de f ined  i n  v i s c c ~ e l a a t i c  models i n  Appendix D (N-sec/m) 
Upper c y l i n d e r  damping c o e f f i c i e n t  (N-sec /m) 
V a r i a b l e  damping c o e f f i c i e n t s  as de f ined  i n  Table  1 (N-sec/m) 
Diameter of compression specimen (m) 
2 
~ o u n g ' s  Modulus of E l a s t i c i t y  (N/m ) 
S t a t i c  Force (N) 
C h a r a c t e r i s t i c  f u n c t i o n s  de f ined  i n  Appendix D 
2 Shear  modulus of  t h e  m a t e r i a l  (N/m ) 
Complex compliance (- H l  - fH2) (m/N) 
Imaginary u n i t  ( = Fl) 
Complex s t i f f n e s s  ( = K1 + iK2) (Nfm) 
Dynamic s t i f f n e s s  (N/m) 
Elastomer dynamic e t i f f n e s s  (Nfm) 
S t i f f n e s s  of lower c y l i n d e r  ( ~ / m )  
S t i £  fnese of  mechanical s p r i n g  (Nfm) 
S t a t i c  s t i f f n e e e  de f ined  i n  v i s c o e l a a t i c  models i n  Appendix D 
(N/m) 
S t i f f n e s s  of upper c y l i n d e r  (N/m) 
S t i f f n e s s  of  guide  bea r ings  (N/rn) 
S t a t i c  s t i f f n e s s  of e l a s tomer  specimen (N/m) 
Resonant mass (kg) 
Equivalent  mass of acce le romete r  (kg) 
Equivalent  mass of  mechanical  s p r i n g  (kg) 
Equivalent  mass of  lower p i s t o n  (kg) 
Equivalent  mess of upper p i s t o n  (kg) 
Mass of  t h e  hub i n  t h e  gu ide  bea r ing  (kg) 
Shape f a c t o r  
Shore  A hardness 
Time (eec) 
Dimensionless s t i f f n e s s  
Dimensionless damping 
Weights used i n  l e a s t  squares  a n a l y s i s  
Width of  s h e a r  specimen (m) 
Height of s h e a r  specimen (m) 
a T r a n s m i s s i b i l i t y  ( - 
B Defined i n  Equation (C5) o f  Appendix C 
b S t a t i c  d e f l e c t i o n  (m) 
c S t r a i n  ( = 1 - 1) 
c Damping r a t i o  a8 def ined  i n  Equ.tion (Cl) o f  Appendix C 
X R a t i o  of s t r a i n e d  t o  u n r t r a i n e d  l eng th  
a 
2 S t r e a r  (N/m ) 
r Relaxation or retardation time (aec) 
EP Phase angle (degree) 
r i  Dimeneionlees frequency 
W 
m Natura 1 frequency of mechanical spring (radlsec) 
W 
n 
Natura 1 frequency (radlsec) 
03 
8 Natural frequency of guide bearings (rad/rec) 
a Frequency (radloec) 
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